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UNITARY REPRESENTATIONS WITH NON-ZERO DIRAC
COHOMOLOGY FOR E6(−14)
LIN-GEN DING, CHAO-PING DONG, AND HAIAN HE
Abstract. Up to equivalence, this paper classifies all the irreducible unitary represen-
tations with non-zero Dirac cohomology for the Hermitian symmetric Lie group E6(−14).
Along the way, we have also obtained all the fully supported irreducible unitary represen-
tations of E6(−14) with integral infinitesimal characters.
1. Introduction
As a sequel to [4], this article aims to classify the irreducible unitary representations
with non-zero Dirac cohomology for E6(−14). Unlike those earlier considered exceptional Lie
groups, the current one is Hermitian symmetric.
Let us embark with the background and motivation. Inspired by the foundational Dirac
equation in quantum mechanics, Parthasarathy introduced the Dirac operator for real re-
ductive Lie groups [19]. Indeed, let G be a complex connected simple algebraic group with
finite center. Let σ : G→ G be a real form of G. That is, σ is an antiholomorphic Lie group
automorphism and σ2 = Id. Let θ : G → G be the involutive algebraic automorphism of
G corresponding to σ via Cartan theorem (see Theorem 3.2 of [1]). Put G(R) = Gσ as the
group of real points. Note that G(R) must be in the Harish-Chandra class [10]. Denote by
K := Gθ a maximal compact subgroup of G, and put K(R) := Kσ. Denote by g0 the Lie
algebra of G(R), and let g0 = k0 ⊕ p0 be the Cartan decomposition corresponding to θ on
the Lie algebra Level. Denote by hf,0 = tf,0 ⊕ af,0 the unique θ-stable fundamental Cartan
subalgebra of g0. That is, tf,0 ⊆ k0 is maximal abelian. As usual, we drop the subscripts to
stand for the complexified Lie algebras. For example, g = g0 ⊗R C, hf = hf,0 ⊗R C and so
on. We fix a non-degenerate invariant symmetric bilinear form B(·, ·) on g. Its restrictions
to k, p, etc., will also be denoted by the same symbol. Fix a positive root system ∆+(g, hf ),
and let {ζ1, . . . , ζl} be the corresponding fundamental weights.
Fix an orthonormal basis Z1, . . . , Zn of p0 with respect to the inner product induced by
the form B(·, ·). Let U(g) be the universal enveloping algebra of g and let C(p) be the
Clifford algebra of p with respect to B(·, ·). The Dirac operator D ∈ U(g)⊗ C(p) is
(1) D :=
n∑
i=1
Zi ⊗ Zi.
2010 Mathematics Subject Classification. Primary 22E46.
Key words and phrases. Dirac cohomology, Hermitian symmetric, integral infinitesimal character, unitary
representation.
1
2 LIN-GEN DING, CHAO-PING DONG, AND HAIAN HE
Note that D is independent of the choice of the orthonormal basis Zi and it is K(R)-invariant
under the diagonal action of K(R) given by adjoint actions on both factors. A byproduct
of Parthasarathy’s study is the Dirac inequality [20, Lemma 2.5], see (4), which effectively
detects non-unitarity. Section 4.1 will offer thousands of such examples. However, it is by
no means sufficient for unitarity.
To sharpen the Dirac inequality, and to understand the unitary dual Ĝ(R) better, Vogan
formulated the notion of Dirac cohomology in 1997 [27]. See also [23]. Indeed, let K˜(R) be
the subgroup of K(R) × Pin p0 consisting of all pairs (k, s) such that Ad(k) = p(s), where
Ad : K(R)→ O(p0) is the adjoint action, and p : Pin p0 → O(p0) is the pin double covering
map. Namely, K˜(R) is constructed from the following diagram:
K˜(R) −−−−→ Pin p0y yp
K(R)
Ad−−−−→ O(p0)
Let SG be a spin module for C(p), and let π be a (g, K(R))-module. Then D ∈ U(g)⊗C(p)
acts on π ⊗ SG. The Dirac cohomology of a (g, K(R))-module π is defined as the K˜(R)-
module
(2) HD(π) = KerD/(ImD ∩KerD).
Here we note that K˜(R) acts on π through K(R) and on SG through the pin group Pin p0.
Moreover, since Ad(k)(Z1), . . . ,Ad(k)(Zn) is still an orthonormal basis of p0, it follows that
D is K˜(R) invariant. Therefore, KerD, ImD, and HD(X) are once again K˜(R) modules.
By setting the linear functionals on tf to be zero on af , we regard t
∗
f as a subspace of h
∗
f .
The following Vogan conjecture was proved by Huang and Pandzˇic´ in Theorem 2.3 of [12].
See also Theorem A of [7].
Theorem 1.1. (Huang and Pandzˇic´ [12]) Let π be an irreducible (g, K(R))-module. Assume
that the Dirac cohomology of π is nonzero, and let γ ∈ t∗f ⊂ h∗f be any highest weight of a
K˜(R)-type in HD(X). Then the infinitesimal character Λ of π is conjugate to γ + ρc under
the action of the Weyl group W (g, hf ).
We care the most about the case that π is unitary. Then D is self-adjoint with respect to
a natural Hermitian inner product on π ⊗ SG, KerD ∩ ImD = 0, and
(3) HD(π) = KerD = KerD
2.
Dirac inequality now says thatD2 has non-negative eigenvalue on any K˜(R)-type of π⊗SG.
Namely, writing out D2 more carefully would lead to that
(4) ‖γ + ρc‖ ≥ ‖Λ‖,
where γ is a highest weight of any K˜(R)-type occurring in π⊗SG. Moreover, by [13, Theorem
3.5.2], the inequality (4) becomes equality on certain K˜(R)-types of π ⊗ SG if and only if
HD(π) is non-vanishing.
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After the work [12], Dirac cohomology became a refined invariant for Lie group represen-
tations, and a natural problem arose: could we classify Ĝ(R)
d
—the set consisting of all the
members of Ĝ(R) having non-vanishing Dirac cohomology? This problem remained open
ever since 2002. In view of (4) above, Ĝ(R)
d
exactly collects the extreme members of Ĝ(R)
on which Dirac inequality becomes equality. Thus Ĝ(R)
d
should cut out a very interesting
part of the entire unitary dual of G(R).
The current paper aims to achieve the classification for E6(−14), by which we actually mean
the group E6 h in atlas. Note that atlas [28] is a software which computes many aspects
of questions pertaining to Lie group representations. In particular, it detects unitarity based
on the algorithm due to Adams, van Leeuwen, Trapa and Vogan in [1]. See Section 2.3 for
a very brief account. Our main result is stated as follows.
Theorem 1.2. The set Ê6(−14)
d
consists of 31 FS-scattered representations (see Table 2)
whose spin-lowest K(R)-types are all unitarily small, and 270 strings of representations (see
Tables 3—17). Moreover, each spin-lowest K(R)-type of any representation π ∈ Ê6(−14)
d
occurs with multiplicity one.
In the statements above, the notion of unitarily small (u-small for short) K(R)-type was
introduced by Salamanca-Riba and Vogan in [23], while that of spin-lowest K(R)-type came
from [2]. They will be recalled for E6(−14) in Section 3.
The way that we organize the infinite set Ê6(−14)
d
is due to Theorem A of [5]. More
precisely, let (x, λ, ν) be the final atlas parameter of a representation π ∈ Ê6(−14)
d
. Then
π is a FS-scattered representation if the KGB element x (that is, a K-orbit of the Borel
variety G/B, see Section 2.3) is fully supported, i.e., if support(x) equals [0, 1, . . . , l − 1],
where l is the rank of G. Otherwise, π will be merged into a string of representations.
Since the group E6(−14) is Hermitian symmetric, thanks to the work of Kostant [17],
all of its irreducible unitary highest weight modules belong to Ê6(−14)
d
. Note that these
latter representations have been classified by Enright, Howe, and Wallach [9], and they
have attracted attention even from mathematical physicists. Our classification will offer
representations other than the unitary highest weight ones. Along the way, we also meet
some unitary representations with zero Dirac cohomology, yet their infinitesimal characters
are irregular and rather small. It is conceivable that they should also be very interesting for
understanding the entire unitary dual of E6(−14). Thus we record them in Table 1, and it is
worth mentioning the following.
Corollary 1.3. All the fully supported irreducible unitary representations of E6(−14) with
integral infinitesimal characters are exhausted by Tables 1 and 2.
Many calculations lead us to make the following speculation.
Conjecture 1.4. Let Λ =
∑l
i=1 niζi ∈ h∗f be the infinitesimal character of any fully sup-
ported representation in Ĝ(R), where each ni is a nonnegative integer. Then we must have
ni = 0 or 1 for every 1 ≤ i ≤ l.
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The paper is organized as follows. We recall necessary background in Section 2, and
review the structure of E6(−14) in Section 3. Then we report the FS-scattered members
of Ê6(−14)
d
in Section 4, and the strings of Ê6(−14)
d
in Section 5. A few examples will be
illustrated carefully in Section 6.
We have built up several Mathematica files to facilitate the using of atlas for the group
E6(−14). One of them is available via the link
https://www.researchgate.net/publication/331629415_EIII-ScatteredPart
The codes there have been explained carefully so that an interested reader can understand
them without much difficulty.
2. Preliminaries
This section aims to collect necessary preliminaries.
2.1. atlas height and lambda norm. We adopt the basic notation G, θ, K, etc., as
in the introduction. Let Hf = TfAf be the θ-stable fundamental Cartan subgroup for G.
Then Tf is a maximal torus of K. Put hf = tf + af as the Cartan decomposition on the
complexified Lie algebras Level. Recall that a non-degenerate invariant symmetric bilinear
form B(·, ·) has been fixed on g. Its restrictions to k, p, etc., will also be denoted by B(·, ·).
We denote by ∆(g, hf ) (resp., ∆(g, tf )) the root system of g with respect to hf (resp.,
tf ). The root system of k with respect to tf is denoted by ∆(k, tf ). Note that ∆(g, hf ) and
∆(k, tf ) are reduced, while ∆(g, tf ) is not reduced in general. The Weyl groups for these
root systems will be denoted by W (g, hf ), W (g, tf ) and W (k, tf ).
We fix compatible choices of positive roots ∆+(g, hf ) and ∆
+(g, tf ) so that a positive root
in ∆(g, hf ) restricts to a positive root in ∆(g, tf ). Note that ∆
+(g, tf ) is a union of the set
of positive compact roots ∆+(k, tf ) and the set of positive noncompact roots ∆
+(p, tf ). As
usual, we denote by ρ (resp. ρc, ρn) the half sum of roots in ∆
+(g, hf ) (resp. ∆
+(k, tf ),
∆+(p, tf )). Then ρ, ρc, ρn are in it
∗
f,0 and ρn = ρ− ρc.
Let us simply refer to a k-type by its highest weight µ. Choose a positive root system
(∆+)′(g, hf ) making µ + 2ρc dominant. Let ρ
′ be the half sum of roots in (∆+)′(g, hf ).
After [23], we put λa(µ) as the projection of µ+ 2ρc − ρ′ to the dominant Weyl chamber of
(∆+)′(g, hf ). Then
(5) ‖µ‖lambda := ‖λa(µ)‖.
Here ‖ · ‖ is the norm on it∗f,0 induced from the form B(·, ·). It turns out that this number
is independent of the choice of (∆+)′(g, hf ), and it is the lambda norm of the k-type µ [25].
The atlas height of µ can be computed via
(6)
∑
α∈(∆+)′(g,hf )
〈λa(µ), α∨〉.
Here 〈·, ·〉 is the natural pairing between roots and co-roots.
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2.2. Cohomological induction. Let q = l⊕u be a θ-stable parabolic subalgebra of g with
Levi factor l and nilpotent radical u. Set L(R) = NG(R)(q).
Let us arrange the positive root systems in a compatible way, that is, ∆(u, hf ) ⊆ ∆+(g, hf )
and set ∆+(l, hf ) = ∆(l, hf ) ∩∆+(g, hf ). Let ρL denote the half sum of roots in ∆+(l, hf ),
and denote by ρ(u) (resp., ρ(u ∩ p)) the half sum of roots in ∆(u, hf ) (resp., ∆(u ∩ p, hf )).
Then
(7) ρ = ρL + ρ(u).
Let Z be an (l, L(R) ∩ K)-module. Cohomological induction functors (or Zuckerman
functors) attach to Z certain (g,K)-modules Lj(Z) and Rj(Z), where j is a nonnegative
integer. Suppose that Z has infinitesimal character λL ∈ h∗f . After [18], we say that Z is
good or in good range if
(8) Re 〈λL + ρ(u), α∨〉 > 0, ∀α ∈ ∆(u, hf ).
We say that Z is weakly good if
(9) Re 〈λL + ρ(u), α∨〉 ≥ 0, ∀α ∈ ∆(u, hf ).
Theorem 2.1. ([26] Theorems 1.2 and 1.3, or [18] Theorems 0.50 and 0.51) Suppose the
admissible (l, L(R) ∩K)-module Z is weakly good. Then we have
(i) Lj(Z) = Rj(Z) = 0 for j 6= S(:= dim (u ∩ k)).
(ii) LS(Z) ∼= RS(Z) as (g, K)-modules.
(iii) if Z is irreducible, then LS(Z) is either zero or an irreducible (g, K)-module with
infinitesimal character λL + ρ(u).
(iv) if Z is unitary, then LS(Z), if nonzero, is a unitary (g, K)-module.
(v) if Z is in good range, then LS(Z) is nonzero, and it is unitary if and only if Z is
unitary.
Let X be an irreducible (g,K)-module with real infinitesimal character Λ ∈ h∗f which is
dominant for ∆+(g, hf ). After [22], we say that X is strongly regular if
(10) 〈Λ− ρ, α∨〉 ≥ 0, ∀α ∈ ∆+(g, hf ).
Theorem 2.2. (Salamanca-Riba [22]) Let X be a strongly regular irreducible (g,K)-module.
Then X is unitary if and only if it is a Aq(λ) module in the good range.
Recall that a formula for Dirac cohomology of cohomologically induced modules has been
obtained in [7] whenever the inducing module is weakly good. As a consequence of Theorem
B there, we have the following.
Corollary 2.3. Suppose that the irreducible unitary (l, L(R) ∩ K)-module Z has real in-
finitesimal character λL ∈ it∗f,0 which is weakly good. Then HD(LS(Z)) is non-zero if and
only if that HD(Z) is non-zero and that there exists a highest weight γL in HD(Z) such that
γL + ρ(u ∩ p) is ∆+(k, tf ) dominant.
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2.3. The software atlas. Let us recall necessary notation from [1] regarding the Langlands
parameters in the software atlas [28]. Let H be a maximal torus of G. That is, H is a
maximal connected abelian subgroup of G consisting of diagonalizable matrices. Note that
H is complex connected reductive algebraic. Its character lattice is the group of algebraic
homomorphisms
X∗ := Homalg(H,C
×).
Choose a Borel subgroup B ⊃ H. In atlas, an irreducible (g,K)-module π is parameterized
by a final parameter p = (x, λ, ν) via the Langlands classification, where x is a K-orbit of
the Borel variety G/B, λ ∈ X∗ + ρ and ν ∈ (X∗)−θ ⊗Z C. We will simply refer to x as a
KGB element. For the parameter p to be final, there are further requirements on x, λ and ν.
We refer the reader to [1] for a rigorous definition. In such a case, the infinitesimal character
of π is
(11)
1
2
(1 + θ)λ+ ν ∈ h∗.
Note that the Cartan involution θ now becomes θx—the involution of x, which is given by
the command involution(x) in atlas.
Some atlas commands that we shall need in the current article will be illustrated in
Section 3.7. For how to do cohomological induction in atlas, the reader may refer to Paul’s
lecture [19] or Section 2.4 of [5].
3. The structure of E6(−14)
From now on, we will fix the group G(R) as E6(−14), by which we actually mean the group
E6 h in atlas. This group is connected, with center Z/3Z, but not simply connected. Its
Lie algebra g0 is labelled as EIII in [16, Appendix C]. We present the Vogan diagram for
g0 in Fig. 1, where α1 =
1
2 (1,−1,−1,−1,−1,−1,−1, 1), α2 = e1 + e2 and αi = ei−1 − ei−2
for 3 ≤ i ≤ 6. Let ζ1, . . . , ζ6 ∈ t∗f be the corresponding fundamental weights for ∆+(g, tf ),
where tf ⊂ k is the fundamental Cartan subalgebra of g. The dual space t∗f will be identified
with tf under the form B(·, ·). Put
(12) ζ := ζ1 = (0, 0, 0, 0, 0,−2
3
,−2
3
,
2
3
).
Note that
ρ = (0, 1, 2, 3, 4,−4,−4, 4).
We will use {ζ1, . . . , ζ6} as a basis to express the atlas parameters λ, ν and the infinitesimal
character Λ. More precisely, in such cases, [a, b, c, d, e, f ] will stand for the vector aζ1 +
· · · + fζ6. For instance, the trivial representation of E6(−14) has infinitesimal character
ρ = [1, 1, 1, 1, 1, 1].
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Α6 Α5 Α4 Α3 Α1
Α2
Figure 1. The Vogan diagram for E6(−14)
Denote by γi = αi+1 for 1 ≤ i ≤ 5. Let t−f be the real linear span of γ1, . . . , γ5, which
are the simple roots for ∆+(k, t−f )—the positive system for k obtained from ∆
+(g, tf ) by
restriction. We present the Dynkin diagram of ∆+(k, t−f ) in Fig. 2. Let ̟1, . . . ,̟5 ∈ (t−f )∗
be the corresponding fundamental weights. Note that Rζ is the one-dimensional center of k,
that
tf = t
−
f ⊕ Rζ,
and that
ρc = (0, 1, 2, 3, 4, 0, 0, 0).
Moreover, we have the decomposition
(13) p = p+ ⊕ p−
as k-modules, where p+ has highest weight
β := α1 + 2α2 + 2α3 + 3α4 + 2α5 + α6 = (
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,−1
2
,−1
2
,
1
2
)
and p− has highest weight −α1. Both of them have dimension 16. Thus
− dim k+ dim p = −46 + 32 = −14.
This is how the number −14 enters the name E6(−14), see [11].
Γ1
Γ2
Γ3 Γ4 Γ5
Figure 2. The Dynkin diagram for ∆+(k, t−f )
Let Eµ be the k-type with highest weight µ. We will use {̟1, . . . ,̟5, 14ζ} as a basis to
express µ. Namely, in such a case, [a, b, c, d, e, f ] stands for the vector a̟1 + b̟2 + c̟3 +
d̟4 + e̟5 +
f
4 ζ. For instance, β = [1, 0, 0, 0, 0, 3]. For a, b, c, d, e ∈ Z≥0 and f ∈ Z, we have
that [a, b, c, d, e, f ] is the highest weight of a K(R)-type if and only if
(14) − 3
4
a− 5
4
b− 3
2
c− d− 1
2
e+
1
4
f ∈ Z.
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3.1. Spin norm and spin-lowest K(R)-type. Note that W (g, tf ) = 51840 and that
W (k, tf ) = 1920. Choose from each coset of W (g, tf )/W (k, tf ) the element with minimum
length, and collect them as W (g, tf )
1. Then
|W (g, tf )1| =
|W (g, tf )|
|W (k, tf )|
= 27.
We enumerate its elements as w(0) = e, . . . , w(26), and put ρ
(j)
n = w(j)ρ− ρc for 0 ≤ j ≤ 26.
The spin norm of the k-type Eµ introduced in [2] now specializes as
(15) ‖µ‖spin := min
0≤j≤26
‖{µ− ρ(j)n }+ ρc‖.
Here {µ − ρ(j)n } denotes the unique vector in the dominant chamber for ∆+(k, tf ) to which
µ − ρ(j)n is conjugate under the action of W (k, tf ). Given a Harish-Chandra module π of
E6(−14), we define its spin norm as
‖π‖spin := min ‖µ‖spin,
where µ runs over all the K(R)-types of π. We call µ a spin-lowest K(R)-type of π if it
occurs in π and that ‖µ‖spin = ‖π‖spin.
When π is unitary and has infinitesimal character Λ, the Dirac inequality (4) guarantees
that
(16) ‖π‖spin ≥ ‖Λ‖.
By Theorem 3.5.2 of [13], the equality happens if and only if HD(π) is non-vanishing; more-
over, in such a case, it is exactly the spin-lowest K(R)-types of π that contribute to HD(π).
3.2. Lambda norm and spin norm of the trivial K(R)-type. This subsection aims to
explicitly compute the lambda norm and the spin norm of the trivial K(R)-type.
Example 3.1. Let µ be the highest weight of the trivial K(R)-type of E6(−14). Then
µ+ 2ρc = 2ρc = −10ζ1 + 2ζ2 + 2ζ3 + 2ζ4 + 2ζ5 + 2ζ6
is dominant with respect to the positive root system
(∆+)′(g, tf ) := s1s3s4s2s5s4s6
(
∆+(g, tf )
)
,
where si stands for the simple reflection sαi . Let ρ
′ be the half sum of the positive roots
in (∆+)′(g, tf ), and let ζ
′
1, . . . , ζ
′
6 be the corresponding fundamental weights. Then one
computes that
λ′ := µ+ 2ρc − ρ′ = (−1
2
,
1
2
,
1
2
,
3
2
,
3
2
,
1
2
,
1
2
,−1
2
).
Moreover, its distance to an arbitrary point aζ ′1 + · · · + fζ ′6 equals
4
3
a2 + 2b2 +
10
3
c2 + 6d2 +
10
3
e2 +
4
3
f2 + 2ab+
10
3
ac+ 4ad+
8
3
ae+
4
3
af + 4bc+ 6bd+ 4be
+ 2bf + 8cd+
16
3
ce+
8
3
cf + 8de+ 4df +
10
3
ef − 4a− 6b− 6c− 10d− 6e− 4f + 6.
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Under the constraints that a, . . . , f are all non-negative real numbers, one computes that
the minimum distance is attained at the point
a = f =
1
2
, b = 1, c = d = e = 0.
Then it follows that
λa(µ) = (0,
1
2
,
1
2
,
3
2
,
3
2
, 0, 0, 0)
and that µ has atlas height 38. Moreover,
‖µ‖lambda =
√
5, ‖µ‖spin = ‖ρ‖ =
√
78.
3.3. Integral infinitesimal characters. This subsection aims to show that it suffices to
focus on integral infinitesimal characters to achieve the classification of Ê6(−14)
d
.
Proposition 3.2. Let Λ be the infinitesimal character of any representation in Ê6(−14)
d
.
Then Λ must have integer coordinates with respect to the basis ζ1, . . . , ζ6 of t
∗
f .
Proof. Take any π ∈ Ê6(−14)
d
. Let Eµ be any K(R)-type of π contributing to HD(π). By
Theorem 1.1, Λ is conjugate to {µ − ρ(j)n } + ρc under the action of W (g, tf ) for certain
0 ≤ j ≤ 26. Note that
{µ − ρ(j)n } = (µ− ρ(j)n ) +
5∑
i=1
niγi, where ni ∈ Z≥0.
It is direct to check that the coordinates of any ρ
(j)
n , or any γi, or ρc with respect to
{̟1, . . . ,̟5, 14ζ} satisfy (14). Since Eµ is assumed to be a K(R)-type, it follows that the
coordinates [a, b, c, d, e, f ] of {µ − ρ(j)n } + ρc meet the requirement (14). Now the desired
conclusion follows from the fact that
a̟1 + · · ·+ e̟5 + f
4
ζ = (−3a
4
− 5b
4
− 3c
2
− d− e
2
+
f
4
)ζ1 + aζ2 + bζ3 + cζ4 + dζ5 + eζ6.

Due to the above proposition, for the rest of this article, we always use Λ ∈ t∗ to denote
a dominant integral infinitesimal character. That is,
(17) Λ = [a, . . . , f ] := aζ1 + · · ·+ fζ6 with a, . . . , f ∈ Z≥0.
3.4. KGB elements of E6(−14). The group E6 h has 513 KGB elements in total, among
which 170 are fully supported. The indices for the latter KGB elements are listed below.
266, 268, 271, 275, 276, [294, 299], 303, 306, 313, 314, 317, 321, [323, 326], 328, [342, 347],
349, 351, 354, 360, 362, [365, 369], 372, 373, [375, 392], [394, 396], 398, 400, 402, 403,
[405, 413], [415, 431], 433, 434, [436, 512].
For any KGB element x, recall that θx is the involution of x given by the command
involution(x). Take an arbitrary Λ from (17). It is direct to check that whenever x is
fully supported, ‖Λ − θxΛ‖2 is a homogeneous quadratic polynomial in terms of a, . . . , f
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such that the coefficients of a2, . . . , f2 are positive, and that the coefficients of ab, . . . , ef are
nonnegative. As a direct consequence, we have the following.
Proposition 3.3. Let x be any fully supported KGB element of E6 h. Then there are finitely
many Λ in (17) satisfying ‖Λ− θxΛ‖ ≤ ‖2ρ‖.
Indeed, the set
(18) Ω := {Λ in (17) | Λ is not strongly regular and ‖Λ− θxΛ‖ ≤ ‖2ρ‖ for some f.s. x}
consists of 45696 elements. Here “f.s.” stands for fully supported.
3.5. u-small K(R)-types. The notion of u-small k-type was introduced in [23]. It has
many equivalent characterizations. Let us recall the one stated in Theorem 6.7(d) of [23] for
E6(−14) as follows. See also Lemma 4.4 of [5].
Lemma 3.4. The k-type Eµ is u-small if and only if 〈µ + 2ρc, w(j)ζi〉 ≤ 2〈ρ, ζi〉, 1 ≤ i ≤ 6,
0 ≤ j ≤ 26.
Based on the above lemma, one enumerates that there are 3153 u-small K(R)-types in
total. Let us collect all those Λ in (17) such that Λ is conjugate to {µ− ρ(j)n }+ ρc under the
action of W (g, tf ) for some 0 ≤ j ≤ 26 and some u-small K(R)-type Eµ, and that Λ is not
strongly regular as Ω2. It turns out that Ω2 consists of 1976 elements and that Ω2 ⊂ Ω.
3.6. A partition of the set Ω. Let us introduce a partial ordering on the set Ω by setting
that Λ1  Λ2 if each coordinate of Λ2 − Λ1 is nonnegative. Then there are ten minimal
elements of the finite poset (Ω2,):
[1, 0, 0, 1, 1, 1], [0, 0, 1, 1, 1, 1], [0, 1, 1, 0, 1, 1], [1, 1, 0, 1, 0, 1], [1, 1, 1, 0, 1, 0],
[1, 0, 1, 1, 0, 1], [1, 0, 1, 1, 1, 0], [0, 1, 1, 1, 0, 1], [1, 1, 0, 1, 1, 0], [0, 1, 1, 1, 1, 0].
Let us collect them as V . Put
(19) Ω3 := {Λ ∈ Ω \Ω2 | Λ0  Λ for certain Λ0 ∈ V },
and set
(20) Ω1 := Ω \ (Ω2 ∪Ω3).
Note that |Ω1| = 17589, |Ω3| = 26131, and that we have the following partition of Ω:
(21) Ω = Ω1 ∪ Ω2 ∪Ω3.
3.7. Some basic atlas commands. For any Λ ∈ t∗f , collect all the irreducible representa-
tions of E6(−14) with infinitesimal character Λ as Π(Λ). By a foundational result of Harish-
Chandra, Π(Λ) must be a finite set. Collect the fully supported members of Π(Λ) as Πfs(Λ).
Denote by Πu(Λ) the unitary representations in Π(Λ), and put Π
fs
u (Λ) := Π
fs(Λ) ∩Πu(Λ).
Example 3.5. Let us pin down Πfsu (Λ) for Λ := [1, 1, 1, 0, 0, 0]. To save space, certain
outputs have been omitted.
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atlas> G:E6_h
atlas> set all=all_parameters_gamma(G, [1,1,1,0,0,0])
atlas> #all
Value: 7
atlas> for p in all do if is_unitary(p) then prints(p) fi od
final parameter(x=97,lambda=[1,1,1,0,0,0]/1,nu=[1,0,1,-1,0,0]/1)
final parameter(x=52,lambda=[1,1,1,0,0,0]/1,nu=[0,2,0,-1,0,0]/2)
final parameter(x=45,lambda=[1,1,1,0,0,0]/1,nu=[-1,0,2,-1,0,0]/2)
final parameter(x=9,lambda=[1,1,1,0,0,0]/1,nu=[0,0,0,0,0,0]/1)
final parameter(x=0,lambda=[1,1,1,0,0,0]/1,nu=[0,0,0,0,0,0]/1)
The first command sets up the group E6 h in the memory, while the second one builds up
the set Π(Λ). The third command counts the cardinality of Π(Λ), which is seven according
to its output. The last command tests the unitarity for each representation in Π(Λ), and
prints all the members of Πu(Λ), which turns out to be five in total. Note that Π
fs
u (Λ) is
empty since none of the KGB elements #97,#52,#45,#9,#0 is fully supported, cf. Section
3.4.
4. FS-scattered members of Ê6(−14)
d
This section aims to exhaust the FS-scattered members of Ê6(−14)
d
. To do this, assume
that (x, λ, ν) is the final atlas parameter of an irreducible unitary representation π of E6(−14)
where x is fully supported. Let Λ as in (17) be its infinitesimal character (see Proposition
3.2). Then by [5, Proposition 3.1]
ν =
Λ− θx(Λ)
2
must satisfy that ‖ν‖ ≤ ‖ρ‖. Moreover, thanks to Theorem 2.2, it suffices to consider the
case that Λ is not strongly regular. Therefore, Λ must belong to the set Ω defined in (18).
This allows us to enumerate the FS-scattered members of Ê6(−14)
d
after considering finitely
many candidate representations. To be more precise, it remains to single out the unitary
ones in
⋃
Λ∈ΩΠ
fs(Λ), and check whether they have Dirac cohomology or not one by one
using the method described at step (e) of [5, Section 8].
To make the calculation efficient, we shall use Dirac inequality and the partition (21).
Since the group E6(−14) is Hermitian symmetric, the K(R)-types of π may not be a union
of Vogan pencils (cf. Lemma 3.4 of [24]). See Example 6.1. Thus unlike [6] or [4], we can
no longer use the distribution of the spin norm along Vogan pencils to further improve the
computing efficiency.
4.1. The set Ω3. Given an arbitrary Λ ∈ Ω3, we list one lowest K(R)-types µ for every
member in Πfs(Λ). For instance, when Λ = [0, 0, 1, 1, 1, 7], this is done in atlas via the
command
for p in all_parameters_gamma(G, [0, 0, 1, 1, 1, 7]) do if
#support(x(p))=6 then prints(highest_weight(LKTs(p)[0], KGB(G,0))) fi od
with the following output
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KGB element #0[ 0, 0, -6, 6, -5, 5 ]
KGB element #0[ 1, 1, -7, 7, -6, 6 ]
KGB element #0[ 0, 1, -7, 7, -5, 6 ]
KGB element #0[ 0, 0, -8, 9, -6, 6 ]
KGB element #0[ 0, 0, 0, 0, 5, -3 ]
KGB element #0[ 1, 0, 1, -1, 5, -3 ]
KGB element #0[ 0, 0, 3, -2, 5, -3 ]
KGB element #0[ 0, 0, 5, -5, 7, -3 ]
KGB element #0[ 0, 1, 4, -4, 6, -3 ]
KGB element #0[ 1, 1, 3, -3, 5, -2 ]
KGB element #0[ 0, 1, 3, -2, 5, -3 ]
KGB element #0[ 1, 0, -3, 3, 4, -3 ]
KGB element #0[ 0, 0, 2, -2, 7, -3 ]
KGB element #0[ 0, 0, -3, 4, 3, -2 ]
Then we check one by one that
‖µ‖spin < ‖Λ‖.
Thus the Dirac inequality always fails, and Πfsu (Λ) is empty. The same story happens for
any other Λ ∈ Ω3. Thus
⋃
Λ∈Ω3
Πfsu (Λ) is empty, and the set Ω3 contributes no FS-scattered
modules to Ê6(−14)
d
.
4.2. The set Ω1. We adopt the same method as that for Ω3. This time the story is no
longer that neat: the Dirac inequality fails for 144 infinitesimal characters in Ω1. Thus we
have to look at them more carefully. Let us illustrate the case Λ = [0, 0, 1, 0, 1, 1].
for p in all_parameters_gamma(G, [0, 0, 1, 0, 1, 1]) do if
#support(x(p))=6 then prints(p," ",is_unitary(p)) fi od
The above command enumerates all the representations in Π(Λ) whose KGB element x is
fully supported. Moreover, it tests the unitarity for them. The output is:
final parameter(x=429,lambda=[-1,-1,5,-2,3,1]/1,nu=[-1,-1,6,-4,4,0]/2) false
final parameter(x=306,lambda=[0,0,2,-1,1,3]/1,nu=[0,0,3,-3,0,6]/2) true
Note that the last representation is unitary. Thus Πfsu (Λ) is not empty. However, by Theorem
1.1, the Dirac cohomology of the unique module in Πfsu (Λ) vanishes since
‖Λ‖ =
√
58
3
< ‖ρc‖ =
√
30.
All the members of
⋃
Λ∈Ω1
Πfsu (Λ) are presented in Table 1. These representations are
arranged into twelve parts, with each part having the same infinitesimal character. Using
the above argument, one sees that all of them have zero Dirac cohomology. Thus the set Ω1
contributes no FS-scattered modules to Ê6(−14)
d
as well.
4.3. The set Ω2. We adopt the same method as that of Ω3. This time, for Λ ∈ Ω2, unlike
the case of Ω3, one could meet non-empty Π
fs
u (Λ); moreover, unlike the case of Ω1, all
of them have non-vanishing Dirac cohomology. Some concrete examples will be given in
Section 6.
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Table 1. Fully supported members of Ê6(−14) \ Ê6(−14)
d
with integral
infinitesimal characters
#x λ ν Λ
306 [0, 0, 2,−1, 1, 3] [0, 0, 32 ,−32 , 0, 3] [0, 0, 1, 0, 1, 1]
392 [0, 1,−2, 5,−2, 0] [0, 0,−32 , 3,−32 , 0] [0, 1, 0, 1, 0, 0]
434 [−1, 2, 4,−1,−1, 2] [−1, 1, 3,−1,−1, 1] [0, 1, 1, 0, 0, 1]
400 [0, 3, 1, 0,−2, 5] [0, 32 , 0, 0,−32 , 3] ——
313 [0, 3, 2,−1,−1, 2] [−12 , 52 , 32 ,−32 ,−1, 32 ] ——
481 [−1, 1, 3,−1, 3,−1] [−32 , 0, 52 ,−1, 52 ,−32 ] [0, 1, 1, 0, 1, 0]
385 [3, 0,−2, 0, 3, 1] [2, 0,−2, 0, 2, 0] [1, 0, 0, 0, 1, 1]
456 [1,−2,−1, 5,−1, 1] [0,−2,−12 , 3,−12 , 0] [1, 0, 0, 1, 0, 1]
410 [5,−2,−2, 3, 0, 1] [3,−1,−2, 2,−1, 1] ——
408 [1,−2, 0, 3,−2, 5] [1,−1,−1, 2,−2, 3] ——
367 [2,−1,−1, 4,−3, 3] [32 ,−12 ,−32 , 52 ,−52 , 2] ——
366 [3,−1,−3, 4,−1, 2] [2,−12 ,−52 , 52 ,−32 , 32 ] ——
343 [3, 0,−2, 3,−2, 3] [2, 0,−2, 2,−2, 2] ——
342 [3, 0,−2, 3,−2, 3] [2, 0,−2, 2,−2, 2] ——
380 [1, 0, 3, 0,−2, 3] [0, 0, 2, 0,−2, 2] [1, 0, 1, 0, 0, 1]
317 [3, 0, 1,−1, 2, 0] [3, 0, 0,−32 , 32 , 0] [1, 0, 1, 0, 1, 0]
326 [3, 4,−1,−1,−1, 3] [32 , 2,−12 ,−1,−12 , 32 ] [1, 1, 0, 0, 0, 1]
442 [2, 2,−1,−1, 4,−1] [1, 1,−1,−1, 3,−1] [1, 1, 0, 0, 1, 0]
417 [5, 3,−2, 0, 1, 0] [3, 32 ,−32 , 0, 0, 0] ——
321 [2, 3,−1,−1, 2, 0] [32 , 52 ,−1,−32 , 32 ,−12 ] ——
413 [3, 1,−2, 0, 3, 1] [52 , 1,−52 ,−12 , 52 , 0] [1, 1, 0, 0, 1, 1]
409 [4, 1,−1,−1, 3, 1] [3, 0,−2,−12 , 52 , 0] ——
376 [2, 3,−1,−1, 2, 1] [2, 3,−1,−2, 1, 1] ——
323 [2, 1,−1, 0, 1, 3] [2, 1,−1,−1, 0, 3] ——
297 [2, 2, 0,−1, 1, 2] [2, 2, 0,−2, 0, 2] ——
295 [2, 2, 0,−1, 1, 2] [2, 2, 0,−2, 0, 2] ——
403 [1, 3, 3,−1,−2, 3] [0, 1, 52 ,−12 ,−52 , 52 ] [1, 1, 1, 0, 0, 1]
394 [1, 1, 3,−1,−1, 4] [0, 0, 52 ,−12 ,−2, 3] ——
378 [1, 3, 2,−1,−1, 2] [1, 3, 1,−2,−1, 2] ——
325 [3, 1, 1, 0,−1, 2] [3, 1, 0,−1,−1, 2] ——
296 [2, 2, 1,−1, 0, 2] [2, 2, 0,−2, 0, 2] ——
294 [2, 2, 1,−1, 0, 2] [2, 2, 0,−2, 0, 2] ——
Summing up the calculations in the three subsections, we conclude that
⋃
Λ∈Ω3
Πfsu (Λ)
are precisely all the FS-scattered members of Ê6(−14)
d
. We collect them in Table 2. These
representations are arranged into nine parts according to their infinitesimal characters, which
are presented below:
[1, 1, 1, 1, 0, 1], [1, 1, 1, 0, 1, 1], [1, 1, 0, 1, 1, 1], [1, 0, 0, 1, 1, 1], [0, 1, 1, 0, 1, 1],
[1, 1, 0, 1, 0, 1], [1, 1, 1, 0, 1, 0], [1, 0, 1, 1, 0, 1], [1, 1, 1, 1, 1, 1].
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Table 2. The FS-scattered part of Ê6(−14)
d
#x λ ν spin LKTs
463 [1, 2, 1, 1,−1, 3] [0, 32 , 2, 0,−72 , 5] [2, 0, 0, 0, 0,−10] [3, 0, 0, 0, 0,−7]
[2, 1, 0, 0, 0,−13]
412 [3, 1, 1, 1,−1, 2] [1, 0, 3, 0,−72 , 72 ] [0, 0, 0, 0, 2, 20], [1, 0, 0, 0, 2, 23]
502 [2, 3, 2,−1, 1, 1] [1, 4, 1,−1, 0, 0] [0, 0, 0, 0, 0, 12], [1, 0, 0, 0, 0, 15]
[2, 0, 0, 0, 0, 18], [3, 0, 0, 0, 0, 21]
496 [1, 3, 1, 0, 1, 1] [0, 4, 0,−1, 1, 1] [0, 0, 0, 0, 0,−12], [0, 1, 0, 0, 0,−15]
[0, 2, 0, 0, 0,−18], [0, 3, 0, 0, 0,−21]
492 [2, 2, 2,−1, 1, 1] [32 , 32 , 72 ,−72 , 2, 0] [0, 1, 0, 0, 0, 9], [1, 1, 0, 0, 0, 12]
[0, 3, 0, 0, 0, 3], [2, 1, 0, 0, 0, 15]
486 [1, 2, 1,−1, 2, 2] [0, 32 , 2,−72 , 72 , 32 ] [1, 0, 0, 0, 0,−9], [1, 1, 0, 0, 0,−12]
[3, 0, 0, 0, 0,−3], [1, 2, 0, 0, 0,−15]
440 [1, 1, 2,−1, 2, 1] [1, 0, 3,−72 , 72 , 0] [0, 0, 0, 0, 1, 18], [1, 0, 0, 0, 1, 21]
[2, 0, 0, 0, 1, 24]
427 [1, 1, 2,−1, 2, 1] [0, 0, 72 ,−72 , 3, 1] [0, 0, 0, 0, 1,−18], [0, 1, 0, 0, 1,−21]
[0, 2, 0, 0, 1,−24]
418 [1, 3, 2,−2, 2, 1] [1, 4, 32 ,−4, 32 , 1] [0, 0, 0, 2, 0, 0], [0, 1, 0, 2, 0,−3]
[1, 0, 0, 2, 0, 3]
299 [2, 2, 1,−1, 1, 2] [52 , 52 , 0,−52 , 0, 52 ] [0, 1, 0, 0, 0,−27], [0, 0, 1, 0, 0,−30]
298 [2, 2, 1,−1, 1, 2] [52 , 52 , 0,−52 , 0, 52 ] [1, 0, 0, 0, 0, 27], [0, 0, 1, 0, 0, 30]
469 [3, 2,−1, 1, 1, 1] [5, 32 ,−72 , 0, 2, 0] [0, 2, 0, 0, 0, 10], [0, 3, 0, 0, 0, 7]
[1, 2, 0, 0, 0, 13]
405 [2, 1,−1, 1, 1, 3] [72 , 0,−72 , 0, 3, 1] [0, 0, 0, 0, 2,−20], [0, 1, 0, 0, 2,−23]
493 [1,−1,−1, 3, 1, 2] [0,−2,−32 , 72 , 0, 32 ] [0, 3, 0, 0, 0,−17], [3, 0, 0, 0, 0, 1]
465 [3,−2,−1, 3, 1, 1] [1,−72 ,−12 , 72 , 0, 0] [0, 0, 0, 0, 0, 16]
495 [−1, 1, 3,−1, 2, 2] [−2, 0, 3,−1, 1, 2] [3, 0, 0, 0, 0, 5], [0, 3, 0, 0, 0,−13]
423 [0, 1, 3,−2, 3, 1] [0, 0, 3,−3, 3, 0] [0, 0, 0, 0, 0, 20]
266 [0, 2, 3,−2, 1, 2] [−32 , 2, 52 ,−52 , 0, 2] [1, 1, 0, 0, 2,−4], [0, 0, 1, 0, 2,−10]
499 [3, 1, 0, 1, 0, 3] [52 , 0, 0, 0, 0,
5
2 ] [0, 3, 0, 0, 0,−9], [3, 0, 0, 0, 0, 9]
438 [1, 1,−1, 3,−1, 1] [1, 0,−52 , 4,−52 , 1] [0, 2, 0, 1, 0,−6], [2, 0, 0, 1, 0, 6]
373 [2, 1,−1, 2,−1, 2] [52 , 1,−52 , 2,−52 , 52 ] [0, 0, 2, 0, 0, 0]
369 [3, 1, 0, 1,−1, 2] [3, 0,−2, 2,−52 , 52 ] [0, 1, 0, 0, 0, 21]
365 [2, 1,−1, 1, 0, 3] [52 , 0,−52 , 2,−2, 3] [1, 0, 0, 0, 0,−21]
347 [2, 1,−1, 2,−1, 2] [52 , 0,−52 , 52 ,−52 , 52 ] [0, 0, 0, 0, 0,−24]
346 [2, 1,−1, 2,−1, 2] [52 , 0,−52 , 52 ,−52 , 52 ] [0, 0, 0, 0, 0, 24]
501 [3, 1, 1, 0, 3,−2] [2, 0, 1,−1, 3,−2] [0, 3, 0, 0, 0,−5], [3, 0, 0, 0, 0, 13]
424 [1, 1, 3,−2, 3, 0] [0, 0, 3,−3, 3, 0] [0, 0, 0, 0, 0,−20]
276 [2, 2, 1,−2, 3, 0] [2, 2, 0,−52 , 52 ,−32 ] [1, 1, 0, 0, 2, 4], [0, 0, 1, 0, 2, 10]
500 [2,−1, 1, 3,−1, 1] [32 ,−2, 0, 72 ,−32 , 0] [0, 3, 0, 0, 0,−1], [3, 0, 0, 0, 0, 17]
454 [1,−2, 1, 3,−1, 3] [0,−72 , 0, 72 ,−12 , 1] [0, 0, 0, 0, 0,−16]
512 [1, 1, 1, 1, 1, 1] [52 , 3, 0, 0, 0,
5
2 ] [0, 0, 0, 0, 0, 0]
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Note that the last column of Table 2 presents all the spin-lowest K(R)-types, which always
occur with multiplicity one, of the corresponding representation. Note further that the forth
entry in Table 2 is the Wallach representation (see Example 6.3 for more details), while the
last entry is the trivial representation.
5. Strings of Ê6(−14)
d
In this section, we will report all the strings of Ê6(−14)
d
in Tables 2–17, with a, b, c, d, e, f
being nonnegative integers. Let us explain the strategy. Recall that in the previous sec-
tion, we have searched among certain infinitesimal characters to exhaust the FS-scattered
representations of Ê6(−14)
d
. Any string of Ê6(−14)
d
is cohomologically induced from a FS-
scattered representation of L̂(R)
d
ss tensored with unitary characters of L(R). Here L(R) is
the Levi factor of a proper θ-stable parabolic subgroup of G(R), and L(R)ss := [L(R), L(R)].
Therefore, in the search of the previous section, if we enlarge our attention to the set Πu(Λ)
instead of Πfsu (Λ), then we shall meet some starting members of each string. Thus there are
two remaining tasks: to explicitly pin down the places where each string starts, and to show
that each string has no hole.
We can only handle the first task case by case. To be more precise, in each table, the
last column presents the spin-lowest K(R)-types, which always show up exactly once in the
corresponding representation, using the basis {̟1, . . . ,̟5, 14ζ}. They occur under certain
conditions, which are put either in the title of the table or immediately after each spin-
lowest K(R)-type. To give an example, let us read the string with #x = 170 in Table 14.
When a = b = 1, the representation has two spin-lowest K(R)-types: [1, 2, 0, 0, 2,−3] and
[0, 2, 0, 1, 1, 0]. On the other hand, it has a unique spin-lowest K(R)-type [1, 1, 0, 0, 2,−4]
when a = 0 and b = 1. These conditions tell us the members for each string.
For the second task, we need some argument to show that every representation described
in any string belongs to Ê6(−14)
d
. Example 5.2 in Section 5.5 considers the string with
#x = 220, the other ones can be handled similarly.
5.1. The strings of Ê6(−14)
d
with |supp(x)| = 0. Let us present all the irreducible
tempered representations with non-zero Dirac cohomology for E6(−14) in Table 3. Here
0 ≤ #x ≤ 26, θx is always the identity matrix, and ν is always [0, 0, 0, 0, 0, 0]. Moreover,
λ = Λ is as in (17), with further requirements put immediately after each spin-lowest K(R)-
type. For instance, we interpret “a, b, c+ d, d+ e, e+ f ≥ 1” in the first row of Table 3 as a
short way for
a ≥ 1, b ≥ 1, c+ d ≥ 1, d+ e ≥ 1, e+ f ≥ 1.
Corollary 5.1. All the K(R)-types of E6(−14) whose spin norm equal to their lambda norm
are exactly the ones in the second column of Table 3.
Proof. Note that the strings in Table 3 are precisely all the irreducible tempered represen-
tations of E6(−14) with non-zero Dirac cohomology. The result follows from Theorem 1.2 of
[3]. 
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Table 3. The strings of Ê6(−14)
d
with |supp(x)| = 0
#x spin LKT = the unique LKT
0 [e+ f, a− 1, c + d, b− 1, d+ e, a+ 2c+ e− f + 3], a, b, c+ d, d+ e, e + f ≥ 1
1 [e+ f, a+ c, d− 1, b− 1, c+ d+ e+ 1, a− c+ e− f ], b, d, a+ c, e + f ≥ 1
2 [d+ e+ f + 1, a− 1, c− 1, b+ d, e− 1, a+ 2c+ 3d+ e− f + 6], a, c, e, b + d ≥ 1
3 [f − 1, a− 1, c+ d+ e+ 1, b− 1, d − 1, a+ 2c− 2e− f ], a, b, d, f ≥ 1
4 [e− 1, a− 1, c + d, b− 1, d + e+ f + 1, a + 2c+ e+ 2f + 6], a, b, e, c + d ≥ 1
5 [e+ f, c− 1, d− 1, b− 1, a+ c+ d+ e+ 2,−2a − c+ e− f − 3], b, c, d, e + f ≥ 1
6 [f − 1, a+ c, d+ e, b− 1, c+ d, a− c− 2e− f − 3], b, f, a+ c, c+ d, d + e ≥ 1
7 [e− 1, a+ c, d− 1, b− 1, c+ d+ e+ f + 2, a − c+ e+ 2f + 3], b, d, e, a + c ≥ 1
8 [b+ d+ e+ f + 2, a− 1, c − 1, d − 1, e− 1, a+ 3b+ 2c+ 3d+ e− f + 9]
a, c, d, e ≥ 1
9 [d+ e, a− 1, c − 1, b+ d, e+ f, a+ 2c+ 3d+ e+ 2f + 9]
a, c, b + d, d+ e, e+ f ≥ 1
10 [f − 1, c− 1, d+ e, b− 1, a+ c+ d+ 1,−2a− c− 2e− f − 6], b, c, f, d + e ≥ 1
11 [e− 1, c − 1, d − 1, b− 1, a+ c+ d+ e+ f + 3,−2a − c+ e+ 2f ], b, c, d, e ≥ 1
12 [f − 1, a+ c+ d+ 1, e− 1, b+ d, c− 1, a− c− 3d− 2e− f − 6], c, e, f, b+ d ≥ 1
13 [b+ d+ e+ 1, a− 1, c− 1, d − 1, e+ f, a+ 3b+ 2c+ 3d+ e+ 2f + 12]
a, c, d, e + f ≥ 1
14 [d− 1, a − 1, c − 1, b+ d+ e+ 1, f − 1, a+ 2c+ 3d+ 4e+ 2f + 12]
a, c, d, f ≥ 1
15 [f − 1, c + d, e − 1, b+ d, a+ c,−2a− c− 3d− 2e− f − 9]
e, f, a+ c, c+ d, b+ d ≥ 1
16 [f − 1, a+ b+ c+ d+ 2, e− 1, d− 1, c − 1, a− 3b− c− 3d− 2e− f − 9]
c, d, e, f ≥ 1
17 [b+ d, a− 1, c− 1, d + e, f − 1, a+ 3b+ 2c+ 3d+ 4e+ 2f + 15]
a, c, d, f ≥ 1; or d = 0, a, b, c, e, f ≥ 1
18 [f − 1, b+ c+ d+ 1, e− 1, d − 1, a+ c,−2a− 3b− c− 3d− 2e− f − 12]
d, e, f, a+ c ≥ 1
19 [f − 1, d− 1, e − 1, b+ c+ d+ 1, a− 1,−2a− 4c− 3d− 2e− f − 12]
a, d, e, f ≥ 1
20 [b− 1, a− 1, c+ d, e− 1, f − 1, a+ 3b+ 2c+ 6d+ 4e+ 2f + 18]
a, b, e, f, c + d ≥ 1
21 [f − 1, b+ d, e− 1, c+ d, a− 1,−2a− 3b− 4c− 3d− 2e− f − 15]
a, d, e, f ≥ 1; or d = 0, a, b, c, e, f ≥ 1
22 [b− 1, a+ c, d− 1, e− 1, f − 1, a+ 3b+ 5c+ 6d+ 4e+ 2f + 21]
b, d, e, f, a + c ≥ 1
23 [f − 1, b− 1, d+ e, c− 1, a− 1,−2a − 3b− 4c− 6d− 2e− f − 18]
a, b, c, f, d + e ≥ 1
24 [b− 1, c − 1, d− 1, e− 1, f − 1, 4a+ 3b+ 5c+ 6d+ 4e+ 2f + 24]
b, c, d, e, f ≥ 1
25 [e+ f, b− 1, d − 1, c − 1, a− 1,−2a− 3b− 4c− 6d− 5e− f − 21]
a, b, c, d, e + f ≥ 1
26 [e− 1, b− 1, d− 1, c− 1, a− 1,−2a− 3b− 4c− 6d− 5e− 4f − 24]
a, b, c, d, e ≥ 1
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Table 4. The strings of Ê6(−14)
d
with |supp(x)| = 1: part one
#x λ/ν spin LKTs
32 λ = [a, b, c, d, e, 1] [e, b− 1, d− 1, c − 1, a − 1,−2a − 3b− 4c− 6d− 5e− 25]
ν = [0, 0, 0, 0,−12 , 1] a, b, c, d ≥ 1
31 λ = [a, b, c, d, e, 1] [b+ d+ e+ 2, a− 1, c− 1, d− 1, e, a + 3b+ 2c+ 3d+ e+ 11]
ν = [0, 0, 0, 0,−12 , 1] a, c, d ≥ 1
30 λ = [a, b, c, d, e, 1] [e, c − 1, d− 1, b− 1, a+ c+ d+ e+ 3,−2a − c+ e− 1]
ν = [0, 0, 0, 0,−12 , 1] b, c, d ≥ 1
29 λ = [a, b, c, d, e, 1] [e+ d+ 1, a− 1, c − 1, b+ d, e, a+ 2c+ 3d+ e+ 8]
ν = [0, 0, 0, 0,−12 , 1] a, c, b+ d, d+ e ≥ 1
28 λ = [a, b, c, d, e, 1] [e, a+ c, d− 1, b− 1, c + d+ e+ 2, a − c+ e+ 2]
ν = [0, 0, 0, 0,−12 , 1] b, d, a+ c ≥ 1
27 λ = [a, b, c, d, e, 1] [e, a− 1, c + d, b− 1, d + e+ 1, a+ 2c+ e+ 5]
ν = [0, 0, 0, 0,−12 , 1] a, b, c+ d, d+ e ≥ 1
38 λ = [a, b, c, d, 1, f ] [f, b− 1, d, c − 1, a− 1,−2a− 3b− 4c− 6d− f − 23]
ν = [0, 0, 0,−12 , 1,−12 ] a, b, c, d + f ≥ 1
37 λ = [a, b, c, d, 1, f ] [b+ d+ 1, a− 1, c− 1, d, f, a + 3b+ 2c+ 3d+ 2f + 16]
ν = [0, 0, 0,−12 , 1,−12 ] a, c, b+ d, d+ f ≥ 1
36 λ = [a, b, c, d, 1, f ] [d, a− 1, c− 1, b+ d+ 1, f, a+ 2c+ 3d+ 2f + 13]
ν = [0, 0, 0,−12 , 1,−12 ] a, c, b+ d ≥ 1
35 λ = [a, b, c, d, 1, f ] [f, c− 1, d, b − 1, a + c+ d+ 2,−2a − c− f − 5]
ν = [0, 0, 0,−12 , 1,−12 ] b, c, d+ f ≥ 1
34 λ = [a, b, c, d, 1, f ] [f, a+ c, d, b − 1, c+ d+ 1, a− c− f − 2]
ν = [0, 0, 0,−12 , 1,−12 ] b, a+ c, c+ d, d+ f ≥ 1
33 λ = [a, b, c, d, 1, f ] [f, a− 1, c+ d+ 1, b− 1, d, a + 2c− f + 1]
ν = [0, 0, 0,−12 , 1,−12 ] a, b, c+ d ≥ 1
44 λ = [a, b, c, 1, e, f ] [f − 1, b, e, c, a − 1,−2a− 3b− 4c− 2e− f − 21]
ν = [0,−12 ,−12 , 1,−12 , 0] a, f, b+ e, c+ e ≥ 1
43 λ = [a, b, c, 1, e, f ] [b, a− 1, c, e, f − 1, a+ 3b+ 2c+ 4e+ 2f + 21]
ν = [0,−12 ,−12 , 1,−12 , 0] a, f, b+ c, c+ e ≥ 1
42 λ = [a, b, c, 1, e, f ] [f − 1, c, e, b, a + c+ 1,−2a − c− 2e− f − 9]
ν = [0,−12 ,−12 , 1,−12 , 0] f, a+ c, b+ e, c+ e ≥ 1
41 λ = [a, b, c, 1, e, f ] [f − 1, a+ c+ 1, e, b, c, a − c− 2e− f − 6]
ν = [0,−12 ,−12 , 1,−12 , 0] f, a+ c, b+ c, b+ e ≥ 1
40 λ = [a, b, c, 1, e, f ] [e, a− 1, c, b, e + f + 1, a+ 2c+ e+ 2f + 9]
ν = [0,−12 ,−12 , 1,−12 , 0] a, b+ c, c+ e, e+ f ≥ 1
39 λ = [a, b, c, 1, e, f ] [e+ f + 1, a− 1, c, b, e, a + 2c+ e− f + 6]
ν = [0,−12 ,−12 , 1,−12 , 0] a, b+ c, b+ e, e+ f ≥ 1
5.2. The strings of Ê6(−14)
d
with |supp(x)| = 1. We collect these strings in Tables 4—5.
5.3. The strings of Ê6(−14)
d
with |supp(x)| = 2. We collect these strings in Tables 6—7.
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Table 5. The strings of Ê6(−14)
d
with |supp(x)| = 1: part two
#x λ/ν spin LKTs
50 λ = [a, b, 1, d, e, f ] [b− 1, a, d, e − 1, f − 1, a + 3b+ 6d+ 4e+ 2f + 23]
ν = [−12 , 0, 1,−12 , 0, 0] b, e, f, a+ d ≥ 1
49 λ = [a, b, 1, d, e, f ] [f − 1, b+ d+ 1, e − 1, d, a,−2a − 3b− 3d− 2e− f − 16]
ν = [−12 , 0, 1,−12 , 0, 0] e, f, a+ d, b+ d ≥ 1
48 λ = [a, b, 1, d, e, f ] [f − 1, d, e − 1, b + d+ 1, a,−2a − 3d− 2e− f − 13]
ν = [−12 , 0, 1,−12 , 0, 0] e, f, b+ d ≥ 1
47 λ = [a, b, 1, d, e, f ] [e− 1, a, d, b − 1, d+ e+ f + 2, a+ e+ 2f + 5]
ν = [−12 , 0, 1,−12 , 0, 0] b, e, a+ d ≥ 1
46 λ = [a, b, 1, d, e, f ] [f − 1, a, d + e+ 1, b− 1, d, a − 2e− f − 1]
ν = [−12 , 0, 1,−12 , 0, 0] b, f, d+ e ≥ 1
45 λ = [a, b, 1, d, e, f ] [e+ f, a, d, b− 1, e+ d+ 1, a+ e− f + 2]
ν = [−12 , 0, 1,−12 , 0, 0] b, a+ d, d+ e, e+ f ≥ 1
56 λ = [a, 1, c, d, e, f ] [f − 1, d, e − 1, c+ d+ 1, a− 1,−2a − 4c− 3d− 2e− f − 15]
ν = [0, 1, 0,−12 , 0, 0] a, e, f, c+ d ≥ 1
55 λ = [a, 1, c, d, e, f ] [f − 1, c + d+ 1, e− 1, d, a + c,−2a− c− 3d− 2e− f − 12]
ν = [0, 1, 0,−12 , 0, 0] e, f, a+ c, c+ d ≥ 1
54 λ = [a, 1, c, d, e, f ] [d, a− 1, c− 1, d+ e+ 1, f − 1, a+ 2c+ 3d+ 4e+ 2f + 15]
ν = [0, 1, 0,−12 , 0, 0] a, c, f, d+ e ≥ 1
53 λ = [a, 1, c, d, e, f ] [f − 1, a+ c+ d+ 2, e − 1, d, c − 1, a − c− 3d− 2e− f − 9]
ν = [0, 1, 0,−12 , 0, 0] c, e, f ≥ 1
52 λ = [a, 1, c, d, e, f ] [d+ e+ 1, a − 1, c − 1, d, e + f, a+ 2c+ 3d+ e+ 2f + 12]
ν = [0, 1, 0,−12 , 0, 0] a, c, d + e, e+ f ≥ 1
51 λ = [a, 1, c, d, e, f ] [d+ e+ f + 2, a− 1, c − 1, d, e − 1, a + 2c+ 3d+ e− f + 9]
ν = [0, 1, 0,−12 , 0, 0] a, c, e ≥ 1
62 λ = [1, b, c, d, e, f ] [b− 1, c, d − 1, e − 1, f − 1, 3b+ 5c+ 6d+ 4e+ 2f + 25]
ν = [1, 0,−12 , 0, 0, 0] b, d, e, f ≥ 1
61 λ = [1, b, c, d, e, f ] [f − 1, b+ c+ d+ 2, e− 1, d− 1, c,−3b − c− 3d− 2e− f − 11]
ν = [1, 0,−12 , 0, 0, 0] d, e, f ≥ 1
60 λ = [1, b, c, d, e, f ] [f − 1, c + d+ 1, e− 1, b+ d, c,−c − 3d− 2e− f − 8]
ν = [1, 0,−12 , 0, 0, 0] e, f, b+ d, c+ d ≥ 1
59 λ = [1, b, c, d, e, f ] [e− 1, c, d − 1, b− 1, c + d+ e+ f + 3,−c+ e+ 2f + 1]
ν = [1, 0,−12 , 0, 0, 0] b, d, e ≥ 1
58 λ = [1, b, c, d, e, f ] [f − 1, c, e + d, b− 1, c+ d+ 1,−c− 2e− f − 5]
ν = [1, 0,−12 , 0, 0, 0] b, f, c+ d, d+ e ≥ 1
57 λ = [1, b, c, d, e, f ] [e+ f, c, d− 1, b− 1, c+ d+ e+ 2,−c+ e− f − 2]
ν = [1, 0,−12 , 0, 0, 0] b, d, e + f ≥ 1
5.4. The strings of Ê6(−14)
d
with |supp(x)| = 3. We collect these strings in Tables 8—11.
5.5. The strings of Ê6(−14)
d
with |supp(x)| = 4. We collect these strings in Tables 12—14.
UNITARY REPRESENTATIONS WITH DIRAC FOR E6(−14) 19
Table 6. The strings of Ê6(−14)
d
with |supp(x)| = 2: part one
#x λ ν spin LKTs
78 [a, b, c, d, 1, 1] [0, 0, 0,−1, 1, 1] [0, b− 1, d, c − 1, a− 1,−2a − 3b− 4c− 6d− 27]
a, b, c ≥ 1
77 [a, b, c, d, 1, 1] [0, 0, 0,−1, 1, 1] [b+ d+ 2, a− 1, c− 1, d, 0, a + 3b+ 2c+ 3d+ 15]
a, c, b+ d ≥ 1
76 [a, b, c, d, 1, 1] [0, 0, 0,−1, 1, 1] [0, c − 1, d, b − 1, a+ c+ d+ 3,−2a− c− 3]
b, c ≥ 1
75 [a, b, c, d, 1, 1] [0, 0, 0,−1, 1, 1] [d+ 1, a − 1, c − 1, b+ d+ 1, 0, a + 2c+ 3d+ 12]
a, c, b+ d ≥ 1
74 [a, b, c, d, 1, 1] [0, 0, 0,−1, 1, 1] [0, a+ c, d, b − 1, c+ d+ 2, a− c]
b, a+ c, c+ d ≥ 1
73 [a, b, c, d, 1, 1] [0, 0, 0,−1, 1, 1] [0, a− 1, c + d+ 1, b− 1, d+ 1, a+ 2c+ 3]
a, b, c+ d ≥ 1
63 [a, b, c, 1, e, 1] [0,−12 ,−12 , 1,−1, 1] [e+ 1, a − 1, c, b, e + 1, a+ 2c+ e+ 8]
a, b+ c ≥ 1
84 [a, b, c, 1, 1, f ] [0,−1,−1, 1, 1,−1] [f, b, 0, c, a − 1,−2a− 3b− 4c− f − 26]
a, b+ f, c+ f ≥ 1
83 [a, b, c, 1, 1, f ] [0,−1,−1, 1, 1,−1] [b+ 1, a− 1, c, 0, f, a + 3b+ 2c+ 2f + 22]
a, b+ c, c+ f ≥ 1
82 [a, b, c, 1, 1, f ] [0,−1,−1, 1, 1,−1] [f, c, 0, b, a + c+ 2,−2a − c− f − 8]
a+ c, b+ f, c+ f ≥ 1
81 [a, b, c, 1, 1, f ] [0,−1,−1, 1, 1,−1] [0, a− 1, c, b + 1, f + 1, a+ 2c+ 2f + 13]
a, b+ c ≥ 1
80 [a, b, c, 1, 1, f ] [0,−1,−1, 1, 1,−1] [f, a+ c+ 1, 0, b, c + 1, a − c− f − 5]
a+ c, b+ c, b+ f ≥ 1
79 [a, b, c, 1, 1, f ] [0,−1,−1, 1, 1,−1] [f + 1, a− 1, c + 1, b, 0, a + 2c− f + 4]
a, b+ c ≥ 1
64 [a, b, 1, d, e, 1] [−12 , 0, 1,−12 ,−12 , 1] [e, a, d, b − 1, d+ e+ 2, a+ e+ 4]
a+ d, b, d + e ≥ 1
65 [a, b, 1, d, 1, f ] [−12 , 0, 1,−1, 1,−12 ] [f, a, d+ 1, b− 1, d + 1, a − f ]
b, a+ d+ f ≥ 1
90 [a, b, 1, 1, e, f ] [−1,−1, 1, 1,−1, 0] [f − 1, b+ 1, e, 0, a,−2a − 3b− 2e− f − 22]
f, a+ e, b+ e ≥ 1
89 [a, b, 1, 1, e, f ] [−1,−1, 1, 1,−1, 0] [b, a, 0, e, f − 1, a + 3b+ 4e+ 2f + 26]
f, a+ b, a+ e ≥ 1
88 [a, b, 1, 1, e, f ] [−1,−1, 1, 1,−1, 0] [f − 1, 0, e, b + 1, a+ 1,−2a − 2e− f − 13]
f, b+ e ≥ 1
87 [a, b, 1, 1, e, f ] [−1,−1, 1, 1,−1, 0] [f − 1, a+ 1, e + 1, b, 0, a − 2e− f − 4]
f, b+ e ≥ 1
86 [a, b, 1, 1, e, f ] [−1,−1, 1, 1,−1, 0] [e, a, 0, b, e + f + 2, a+ e+ 2f + 8]
a+ b, a+ e, e+ f ≥ 1
85 [a, b, 1, 1, e, f ] [−1,−1, 1, 1,−1, 0] [e+ f + 1, a, 0, b, e + 1, a + e− f + 5]
a+ b, b+ e, e+ f ≥ 1
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Table 7. The strings of Ê6(−14)
d
with |supp(x)| = 2: part two
#x λ/ν spin LKTs
66 λ = [a, 1, c, d, e, 1] [d+ e+ 2, a− 1, c − 1, d, e, a + 2c+ 3d+ e+ 11]
ν = [0, 1, 0,−12 ,−12 , 1] a, c, d + e ≥ 1
67 λ = [a, 1, c, d, 1, f ] [d+ 1, a − 1, c− 1, d+ 1, f, a+ 2c+ 3d+ 2f + 16]
ν = [0, 1, 0,−1, 1,−12 ] a, c ≥ 1
96 λ = [a, 1, c, 1, e, f ] [f − 1, 0, e, c + 1, a− 1,−2a− 4c− 2e− f − 21]
ν = [0, 1,−1, 1,−1, 0] a, f, c+ e ≥ 1
95 λ = [a, 1, c, 1, e, f ] [0, a − 1, c, e + 1, f − 1, a+ 2c+ 4e+ 2f + 21]
ν = [0, 1,−1, 1,−1, 0] a, f, c+ e ≥ 1
94 λ = [a, 1, c, 1, e, f ] [f − 1, c + 1, e, 0, a + c+ 1,−2a − c− 2e− f − 12]
ν = [0, 1,−1, 1,−1, 0] f, a+ c, c + e ≥ 1
93 λ = [a, 1, c, 1, e, f ] [f − 1, a+ c+ 2, e, 0, c, a − c− 2e− f − 9]
ν = [0, 1,−1, 1,−1, 0] f, a+ c ≥ 1
92 λ = [a, 1, c, 1, e, f ] [e+ 1, a− 1, c, 0, e + f + 1, a+ 2c+ e+ 2f + 12]
ν = [0, 1,−1, 1,−1, 0] a, c+ e, e + f ≥ 1
91 λ = [a, 1, c, 1, e, f ] [e+ f + 2, a− 1, c, 0, e, a + 2c+ e− f + 9]
ν = [0, 1,−1, 1,−1, 0] a, e+ f ≥ 1
68 λ = [a, 1, 1, d, e, f ] [f − 1, d+ 1, e− 1, d + 1, a,−2a− 3d− 2e− f − 16]
ν = [−12 , 1, 1,−1, 0, 0] e, f ≥ 1
69 λ = [1, b, c, d, e, 1] [e, c, d − 1, b− 1, c+ d+ e+ 3, e− c]
ν = [1, 0,−12 , 0,−12 , 1] b, d ≥ 1
70 λ = [1, b, c, d, 1, f ] [f, c, d, b − 1, c+ d+ 2,−c − f − 4]
ν = [1, 0,−12 ,−12 , 1,−12 ] b, c+ d, d + f ≥ 1
71 λ = [1, b, c, 1, e, f ] [f − 1, c+ 1, e, b, c + 1,−c− 2e− f − 8]
ν = [1,−12 ,−1, 1,−12 , 0] b+ e, f ≥ 1
102 λ = [1, b, 1, d, e, f ] [b− 1, 0, d, e − 1, f − 1, 3b + 6d+ 4e+ 2f + 27]
ν = [1, 0, 1,−1, 0, 0] b, e, f ≥ 1
101 λ = [1, b, 1, d, e, f ] [f − 1, b+ d+ 2, e − 1, d, 0,−3b − 3d− 2e− f − 15]
ν = [1, 0, 1,−1, 0, 0] e, f, b+ d ≥ 1
100 λ = [1, b, 1, d, e, f ] [f − 1, d+ 1, e− 1, b+ d+ 1, 0,−3d − 2e− f − 12]
ν = [1, 0, 1,−1, 0, 0] e, f, b+ d ≥ 1
99 λ = [1, b, 1, d, e, f ] [e− 1, 0, d, b − 1, d+ e+ f + 3, e+ 2f + 3]
ν = [1, 0, 1,−1, 0, 0] b, e ≥ 1
98 λ = [1, b, 1, d, e, f ] [f − 1, 0, d + e+ 1, b− 1, d+ 1,−2e − f − 3]
ν = [1, 0, 1,−1, 0, 0] b, f, d+ e ≥ 1
97 λ = [1, b, 1, d, e, f ] [e+ f, 0, d, b− 1, d+ e+ 2, e− f ]
ν = [1, 0, 1,−1, 0, 0] b, d+ e, e + f ≥ 1
72 λ = [1, 1, c, d, e, f ] [f − 1, c+ d+ 2, e − 1, d, c,−c − 3d− 2e− f − 11]
ν = [1, 1,−12 ,−12 , 0, 0] e, f, c+ d ≥ 1
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Table 8. The strings of Ê6(−14)
d
with |supp(x)| = 3: part one
a, b, c, d, e, f run over positive integers
#x λ/ν spin LKTs
103 [a, b− 1, c − 1, 0, 3, 0] [1, a− 1, c− 1, b, 1, a + 2c+ 10]
[0,−12 ,−12 , 0, 1, 0] [1, a − 1, c, b− 1, 1, a + 2c+ 4]
105 [a− 1, b− 2, 0, 3, 0, f − 1] [f − 1, a, 1, b − 1, 1, a − f − 3]
[−12 ,−1, 0, 1, 0,−12 ] [f, a− 1, 1, b − 1, 1, a − f + 3]
104 [a, 0, c − 2, 3, 0, f − 1] [1, a − 1, c − 1, 1, f − 1, a+ 2c+ 2f + 18]
[0, 0,−1, 1, 0,−12 ] [1, a− 1, c − 1, 1, f, a+ 2c+ 2f + 12]
106 [a− 1, 0, 0, 3, e − 2, f ] [f − 1, 1, e − 1, 1, a − 1,−2a− 2e− f − 18]
[−12 , 0, 0, 1,−1, 0] [f − 1, 1, e − 1, 1, a,−2a − 2e− f − 12]
109 [0, b− 1, 3, 0, e − 1, f ] [f − 1, 1, e − 1, b, 1,−2e − f − 10]
[0,−12 , 1, 0,−12 , 0] [f − 1, 1, e, b − 1, 1,−2e − f − 4]
Example 5.2. Let us consider the string with #x = 220. Fixing b = 0 and f = 1 gives us
the unique starting module of the string
π0,1 := (x, [2,−2,−1, 3, 1, 0], [3
2
,−2,−1
2
, 1, 1,−3
2
]).
One computes directly that it has infinitesimal character Λ0,1 := [1,0, 0, 1, 1,1], and that it
is a member of Ê6(−14)
d
. The module π0,1 is cohomologically induced from an irreducible
unitary module πL0,1 (in the way of Theorem 2.5 of [5]) of L(R) which is weakly good. Indeed,
πL0,1 is the representation pL below:
atlas> set p=parameter(KGB(G,220),[2,-2,-1,3,1,0]/1,[3,-4,-1,2,2,-3]/2)
atlas> set (P, pL)=reduce_good_range(p)
atlas> goodness(pL,G)
Value: "Weakly good"
atlas> is_unitary(pL)
Value: true
atlas> P
Value: ([0,2,3,4],KGB element #220)
atlas> Levi(P)
Value: connected quasisplit real group with Lie algebra ’su(3,2).u(1).u(1)’
Now take arbitrary integers b ≥ 0, f ≥ 1. Put Λb,f := [1, b, 0, 1, 1, f ] and
(22) πb,f := (x, [2, b − 2,−1, 3, 1, f − 1], [3
2
,−2,−1
2
, 1, 1,−3
2
]).
Let ζb,f−1 be the unitary character of L(R) with differential bζ2+(f −1)ζ6. Since Λb,f −Λ0,1
is dominant for ∆(u, tf ), by Theorem 7.237 of [18], we have that
(23) ψ
Λ0,1
Λb,f
(LS(πL0,1 ⊗ ζb,f−1)) = LS(πL0,1) = π0,1.
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Table 9. The strings of Ê6(−14)
d
with |supp(x)| = 3: part two
#x λ ν spin LKTs
149 [a, b, c, 1, 1, 1] [0,−32 ,−32 , 1, 1, 1] [0, a− 1, c+ 1, b+ 1, 0, a + 2c+ 9]
a ≥ 1, b+ c ≥ 1
123 [a, b, c, 1, 1, 1] [0,−32 ,−32 , 32 , 0, 32 ] [0, b, 0, c, a − 1,−2a− 3b− 4c− 30], a ≥ 1
122 [a, b, c, 1, 1, 1] [0,−32 ,−32 , 32 , 0, 32 ] [b+ 2, a− 1, c, 0, 0, a + 3b+ 2c+ 21]
a ≥ 1, b+ c ≥ 1
121 [a, b, c, 1, 1, 1] [0,−32 ,−32 , 32 , 0, 32 ] [0, c, 0, b, a + c+ 3,−2a − c− 6]
a ≥ 1; or c ≥ 1
119 [a, b, c, 1, 1, 1] [0,−32 ,−32 , 32 , 0, 32 ] [0, a + c+ 1, 0, b, c + 2, a− c− 3]
c ≥ 1; or c = 0, a, b ≥ 1
107 [a, b, 1, d, 1, 1] [−12 , 0, 1,−32 , 1, 1] [0, a, d + 1, b− 1, d+ 2, a+ 2], b ≥ 1
108 [a, b, 1, 1, e, 1] [−1,−1, 1, 1,−32 , 1] [e+ 1, a, 0, b, e + 2, a+ e+ 7], a+ b ≥ 1
154 [a, b, 1, 1, 1, f ] [−32 ,−2, 1, 1, 1,−32 ] [f + 1, a + 1, 0, b + 1, 0, a − f ]
a+ b+ f ≥ 1
129 [a, b, 1, 1, 1, f ] [−32 ,−32 , 32 , 0, 32 ,−32 ] [f, b+ 1, 0, 0, a,−2a − 3b− f − 27]
a+ f ≥ 1, b+ f ≥ 1
128 [a, b, 1, 1, 1, f ] [−32 ,−32 , 32 , 0, 32 ,−32 ] [b+ 1, a, 0, 0, f, a + 3b+ 2f + 27]
a+ b ≥ 1, a+ f ≥ 1
127 [a, b, 1, 1, 1, f ] [−32 ,−32 , 32 , 0, 32 ,−32 ] [f, 0, 0, b+ 1, a+ 2,−2a − f − 12], b+ f ≥ 1
126 [a, b, 1, 1, 1, f ] [−32 ,−32 , 32 , 0, 32 ,−32 ] [0, a, 0, b + 1, f + 2, a+ 2f + 12], a+ b ≥ 1
110 [a, 1, c, d, 1, 1] [0, 1, 0,−32 , 1, 1] [d+ 2, a− 1, c − 1, d+ 1, 0, a + 2c+ 3d+ 15]
a ≥ 1, c ≥ 1
111 [a, 1, c, 1, e, 1] [0, 1,−1, 1,−32 , 1] [e+ 2, a− 1, c, 0, e + 1, a+ 2c+ e+ 11], a ≥ 1
157 [a, 1, c, 1, 1, f ] [0, 1,−2, 1, 1,−32 ] [0, a− 1, c + 1, 0, f + 1, a+ 2c+ 2f + 19]
a ≥ 1
135 [a, 1, c, 1, 1, f ] [0, 32 ,−32 , 0, 32 ,−32 ] [f, 0, 0, c + 1, a− 1,−2a− 4c− f − 26]
a ≥ 1, c+ f ≥ 1
133 [a, 1, c, 1, 1, f ] [0, 32 ,−32 , 0, 32 ,−32 ] [f, c+ 1, 0, 0, a + c+ 2,−2a− c− f − 11]
a+ c ≥ 1, c+ f ≥ 1
131 [a, 1, c, 1, 1, f ] [0, 32 ,−32 , 0, 32 ,−32 ] [f, a+ c+ 2, 0, 0, c + 1, a− c− f − 8]
a+ c ≥ 1
130 [a, 1, c, 1, 1, f ] [0, 32 ,−32 , 0, 32 ,−32 ] [f + 2, a − 1, c + 1, 0, 0, a + 2c− f + 7], a ≥ 1
160 [a, 1, 1, 1, e, f ] [−32 , 1, 1, 1,−2, 0] [f − 1, 0, e + 1, 0, a + 1,−2a− 2e− f − 19]
f ≥ 1
140 [a, 1, 1, 1, e, f ] [−32 , 32 , 32 , 0,−32 , 0] [0, a, 0, e + 1, f − 1, a+ 4e+ 2f + 26]
a+ e ≥ 1, f ≥ 1
138 [a, 1, 1, 1, e, f ] [−32 , 32 , 32 , 0,−32 , 0] [f − 1, a+ 2, e + 1, 0, 0, a − 2e− f − 7], f ≥ 1
137 [a, 1, 1, 1, e, f ] [−32 , 32 , 32 , 0,−32 , 0] [e+ 1, a, 0, 0, e + f + 2, a+ e+ 2f + 11]
a+ e ≥ 1, e+ f ≥ 1
136 [a, 1, 1, 1, e, f ] [−32 , 32 , 32 , 0,−32 , 0] [e+ f + 2, a, 0, 0, e + 1, a+ e− f + 8]
e+ f ≥ 1
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Table 10. The strings of Ê6(−14)
d
with |supp(x)| = 3: part three
#x λ ν spin LKTs
112 [1, b, c, d, 1, 1] [1, 0,−12 ,−1, 1, 1] [0, c, d, b − 1, c+ d+ 3,−c − 2]
b ≥ 1, c+ d ≥ 1
113 [1, b, c, 1, 1, f ] [1,−1,−32 , 1, 1,−1] [f, c+ 1, 0, b, c + 2,−c − f − 7], b+ f ≥ 1
114 [1, b, 1, d, e, 1] [1, 0, 1,−1,−12 , 1] [e, 0, d, b − 1, d + e+ 3, e+ 2], b ≥ 1, d+ e ≥ 1
115 [1, b, 1, d, 1, f ] [1, 0, 1,−32 , 1,−12 ] [f, 0, d+ 1, b− 1, d+ 2,−f − 2], b ≥ 1
167 [1, b, 1, 1, e, f ] [1,−32 , 1, 1,−32 , 0] [f − 1, 0, e + 1, b+ 1, 0,−2e − f − 9]
b+ e ≥ 1, f ≥ 1
147 [1, b, 1, 1, e, f ] [32 ,−32 , 0, 32 ,−32 , 0] [b, 0, 0, e, f − 1, 3b + 4e+ 2f + 30], f ≥ 1
146 [1, b, 1, 1, e, f ] [32 ,−32 , 0, 32 ,−32 , 0] [f − 1, b+ 2, e, 0, 0,−3b − 2e− f − 21]
b+ e ≥ 1, f ≥ 1
143 [1, b, 1, 1, e, f ] [32 ,−32 , 0, 32 ,−32 , 0] [e, 0, 0, b, e + f + 3, e + 2f + 6], e+ f ≥ 1
142 [1, b, 1, 1, e, f ] [32 ,−32 , 0, 32 ,−32 , 0] [e+ f + 1, 0, 0, b, e + 2, e− f + 3]
b+ e ≥ 1, e+ f ≥ 1
116 [1, 1, c, 1, e, f ] [1, 1,−32 , 1,−1, 0] [f − 1, c + 2, e, 0, c + 1,−c− 2e− f − 11]
f ≥ 1
117 [1, 1, 1, d, e, f ] [1, 1, 1,−32 , 0, 0] [f − 1, d+ 2, e− 1, d + 1, 0,−3d − 2e− f − 15]
e ≥ 1, f ≥ 1
Here ψ
Λ0,1
Λb,f
is the translation functor, and S := dim(u ∩ k). In particular, it says that
LS(πL0,1 ⊗ ζb,f−1) is non-zero. By Theorem 2.1 (iii) and (iv), this module is irreducible
and unitary since the inducing module πL0,1 ⊗ ζb,f−1 is weakly good. This gives us the
representation πb,f . Since π0,1 has non-zero Dirac cohomology, by Corollary 2.3, there exists
a highest weight γL in HD(π
L
0,1) such that γL + ρ(u ∩ p) is ∆+(k, tf )-dominant. Since
(24) HD(π
L
0,1 ⊗ ζb,f−1) = HD(πL0,1)⊗ ζb,f−1,
the highest weight γL + ρ(u ∩ p) + bζ2 + (f − 1)ζ6 occurs in HD(πL0,1 ⊗ ζb,f−1). Due to our
choices of b and f , and the compatibility of ∆+(g, tf ) and ∆
+(k, tf ), the weight
(γL + bζ2 + (f − 1)ζ6) + ρ(u ∩ p) = (γL + ρ(u ∩ p)) + bζ2 + (f − 1)ζ6
is ∆+(k, tf )-dominant as well. Therefore, by Corollary 2.3 again, we conclude that πb,f is
also a member of Ê6(−14)
d
.
5.6. The strings of Ê6(−14)
d
with |supp(x)| = 5. We collect these strings in Tables 15–17.
Note that there is no KGB element of E6 h with support [0, 1, 2, 4, 5].
6. Examples
This section aims to look at some representations from Ê6(−14)
d
more closely.
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Table 11. The strings of Ê6(−14)
d
with |supp(x)| = 3: part four
#x λ/ν spin LKTs
120 λ = [a, b− 1, c − 1, 2, 0, 2] [0, a − 1, c, b + 1, 0, a + 2c+ 11], a, b ≥ 1
ν = [0,−1,−1, 1, 0, 1] [1, a − 1, c− 1, b+ 1, 1, a + 2c+ 14], a, c ≥ 1
118 λ = [a, b− 1, c − 1, 2, 0, 2] [0, a − 1, c+ 1, b, 0, a + 2c+ 5], a, c ≥ 1
ν = [0,−1,−1, 1, 0, 1] [1, a− 1, c + 1, b− 1, 1, a + 2c+ 2], a, b ≥ 1
125 λ = [a− 1, b− 1, 2, 0, 2, f − 1] [f, a+ 1, 0, b, 0, a − f − 3], a, b ≥ 1
ν = [−1,−1, 1, 0, 1,−1] [f − 1, a+ 1, 1, b − 1, 1, a − f − 6], b, f ≥ 1
124 λ = [a− 1, b− 1, 2, 0, 2, f − 1] [f + 1, a− 1, 1, b − 1, 1, a − f + 6], a, b ≥ 1
ν = [−1,−1, 1, 0, 1,−1] [f + 1, a, 0, b, 0, a − f + 3], b, f ≥ 1
134 λ = [a, 2, c − 1, 0, 2, f − 1] [0, a − 1, c, 0, f, a + 2c+ 2f + 19], a, c ≥ 1
ν = [0, 1,−1, 0, 1,−1] [1, a − 1, c− 1, 1, f − 1, a+ 2c+ 2f + 22], a, c, f ≥ 1
132 λ = [a, 2, c − 1, 0, 2, f − 1] [1, a − 1, c − 1, 1, f + 1, a+ 2c+ 2f + 10], a, c ≥ 1
ν = [0, 1,−1, 0, 1,−1] [0, a− 1, c, 0, f + 1, a+ 2c+ 2f + 13], a, c, f ≥ 1
141 λ = [a− 1, 2, 2, 0, e − 1, f ] [f − 1, 0, e, 0, a,−2a − 2e− f − 19], e, f ≥ 1
ν = [−1, 1, 1, 0,−1, 0] [f − 1, 1, e − 1, 1, a − 1,−2a − 2e− f − 22], a, e, f ≥ 1
139 λ = [a− 1, 2, 2, 0, e − 1, f ] [f − 1, 1, e − 1, 1, a + 1,−2a− 2e− f − 10], e, f ≥ 1
ν = [−1, 1, 1, 0,−1, 0] [f − 1, 0, e, 0, a + 1,−2a − 2e− f − 13], a, e, f ≥ 1
144 λ = [2, b− 1, 0, 2, e − 1, f ] [f − 1, 1, e + 1, b − 1, 1,−2e − f − 2], b, f ≥ 1
ν = [1,−1, 0, 1,−1, 0] [f − 1, 0, e + 1, b, 0,−2e − f − 5], e, f ≥ 1
145 λ = [2, b− 1, 0, 2, e − 1, f ] [f − 1, 0, e, b + 1, 0,−2e − f − 11], b, f ≥ 1
ν = [1,−1, 0, 1,−1, 0] [f − 1, 1, e − 1, b+ 1, 1,−2e − f − 14], e, f ≥ 1
Let us keep the notation for G(R) := E6(−14) as in Section 3. Then q := k + p
+ is a
maximal θ-stable parabolic subalgebra of g. Let Eµ be the K(R)-type with highest weight
µ ∈ t∗f . Form the generalized Verma module
N(µ) := U(g)⊗U(q) Eµ.
Let L(µ) denote the irreducible quotient of N(µ). Those unitarizable L(µ) are called (ir-
reducible) unitary highest weight modules. They were classified in [9], and were known to
have nonvanishing Dirac cohomology [17]. Moreover, the Dirac cohomology of them can be
explicitly computed via Theorem 2.2 of [8] and Theorem 7.11 of [15].
As examples, let us recall a family of unitary highest weight modules from Corollary 12.6
[9]. Put
(25) µ = (0, 0, 0, 0, z,
z + 8
3
,
z + 8
3
,−z + 8
3
), where z ∈ Z>0.
Example 6.1. Set z = 1 in (25). Then µ = [0, 0, 0, 0, 1,−18] is the lambda-lowest K(R)-
type of L(µ). This module has infinitesimal character µ + ρ = [−4, 1, 1, 1, 1, 2], which is
conjugate to Λ := [1, 1, 1, 0, 1, 1] under the action of W (g, tf ).
Among all the 207 irreducible representations in Π(Λ), one can locate L(µ) as follows:
set all=all_parameters_gamma(G, [1,1,1,0,1,1])
all[20]
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Table 12. The strings of Ê6(−14)
d
with |supp(x)| = 4: part one
a, b, c, d, e, f run over positive integers
#x λ ν spin LKTs
152 [a− 1, b− 1, 2,−1, 3, 0] [−1,−1, 1,−12 , 32 ,−12 ] [1, a, 0, b − 1, 2, a + 3]
[0, a− 1, 1, b − 1, 2, a + 9]
151 [a− 1, b− 2, 0, 3,−1, 2] [−12 ,−32 ,−12 , 32 ,−12 , 1] [0, a− 1, 1, b − 1, 2, a + 5]
[1, a, 0, b − 1, 2, a − 1]
208 [a, 2, c − 1, 0, 1, 2] [0, 32 ,−32 ,−12 , 1, 1] [0, a− 1, c+ 1, 0, 0, a + 2c+ 9]
[1, a− 1, c, 1, 0, a + 2c+ 6]
179 [a, 2, c − 1, 0, 1, 2] [0, 32 ,−32 , 0, 0, 32 ] [1, a − 1, c, 0, 0, a + 2c+ 18]
[2, a− 1, c − 1, 0, 1, a + 2c+ 21]
156 [a, 2, c − 1,−1, 3, 0] [0, 1,−1,−12 , 32 ,−12 ] [2, a− 1, c − 1, 0, 1, a + 2c+ 13]
[2, a− 1, c− 1, 1, 0, a + 2c+ 7]
150 [a, 0, c − 2, 3,−1, 2] [0,−12 ,−32 , 32 ,−12 , 1] [2, a− 1, c − 1, 0, 1, a + 2c+ 17]
[2, a− 1, c − 1, 1, 0, a + 2c+ 11]
158 [a− 1, 3, 0, 1, 0, f − 1] [−1, 2, 0, 0, 0,−1] [f − 1, a+ 1, 0, 1, 0, a − f − 6]
[f + 1, a− 1, 0, 1, 0, a − f + 6]
153 [a− 2, 0, 3, 1, 0, f − 1] [−2, 0, 2, 0, 0,−1] [0, a− 1, 1, 0, f − 1, a+ 2f + 23]
[0, a− 1, 1, 0, f + 1, a+ 2f + 11]
148 [a− 1, 0, 0, 1, 3, f − 2] [−1, 0, 0, 0, 2,−2] [f − 1, 0, 1, 0, a − 1,−2a− f − 23]
[f − 1, 0, 1, 0, a + 1,−2a− f − 11]
155 [0, b − 1, 3,−1, 2, f − 1] [−12 ,−1, 32 ,−12 , 1,−1] [f, 1, 0, b − 1, 2,−f − 3]
[f − 1, 0, 1, b − 1, 2,−f − 9]
163 [2, b − 2,−1, 3, 0, f − 1] [1,−32 ,−12 , 32 ,−12 ,−12 ] [f, 1, 0, b − 1, 2,−f + 1]
[f − 1, 0, 1, b − 1, 2,−f − 5]
226 [1, 2, 3,−1, e − 1, f ] [1, 32 , 1,−12 ,−32 , 0] [f − 1, 0, e + 1, 0, 0,−2e − f − 9]
[f − 1, 1, e, 1, 0,−2e − f − 6]
197 [2, 2, 1, 0, e − 1, f ] [32 , 32 , 0, 0,−32 , 0] [f − 1, 1, e, 0, 0,−2e − f − 18]
[f − 1, 2, e − 1, 0, 1,−2e − f − 21]
164 [2, 0,−1, 3, e − 2, f ] [1,−12 ,−12 , 32 ,−32 , 0] [f − 1, 2, e − 1, 1, 0,−2e − f − 11]
[f − 1, 2, e − 1, 0, 1,−2e − f − 17]
161 [0, 2, 3,−1, e − 1, f ] [−12 , 1, 32 ,−12 ,−1, 0] [f − 1, 2, e − 1, 0, 1,−2e − f − 13]
[f − 1, 2, e − 1, 1, 0,−2e − f − 7]
Value: final parameter(x=427,lambda=[1,1,2,-1,2,1]/1,nu=[0,0,7,-7,6,2]/2)
The last output gives a final parameter of L(µ).
By Theorem 2.1, to compute HD(L(µ)), it suffices to look at its K(R)-types up to the
atlas height 114. This is realized via the command:
print_branch_irr_long(all[20], KGB(G,0),114)
(1+0s)*(KGB element #0,[ 0, 0, -5, 5, -4, 4 ]) 10 70
(1+0s)*(KGB element #0,[ 1, 0, -6, 6, -5, 5 ]) 144 91
(1+0s)*(KGB element #0,[ 0, 0, -7, 7, -5, 5 ]) 54 94
26 LIN-GEN DING, CHAO-PING DONG, AND HAIAN HE
Table 13. The strings of Ê6(−14)
d
with |supp(x)| = 4: part two
#x λ ν spin LKTs
255 [a, b, 1, 1, 1, 1] [−2,−3, 1, 1, 1, 1] [0, a + 1, 0, b+ 2, 0, a + 5]
174 [a, b, 1, 1, 1, 1] [−2,−2, 2, 0, 0, 2] [0, b+ 1, 0, 0, a,−2a − 3b− 31]
173 [a, b, 1, 1, 1, 1] [−2,−2, 2, 0, 0, 2] [b+ 2, a, 0, 0, 0, a + 3b+ 26]
172 [a, b, 1, 1, 1, 1] [−2,−2, 2, 0, 0, 2] [0, 0, 0, b + 1, a+ 3,−2a− 10]
259 [a, 1, c, 1, 1, 1] [0, 1,−3, 1, 1, 1] [0, a − 1, c+ 2, 0, 0, a + 2c+ 15], a ≥ 1
180 [a, 1, c, 1, 1, 1] [0, 2,−2, 0, 0, 2] [0, 0, 0, c + 1, a − 1,−2a − 4c− 30], a ≥ 1
178 [a, 1, c, 1, 1, 1] [0, 2,−2, 0, 0, 2] [0, c + 1, 0, 0, a + c+ 3,−2a− c− 9], a+ c ≥ 1
176 [a, 1, c, 1, 1, 1] [0, 2,−2, 0, 0, 2] [0, a + c+ 2, 0, 0, c + 2, a− c− 6], a+ c ≥ 1
159 [a, 1, 1, 1, e, 1] [−32 , 32 , 32 , 0,−2, 1] [e+ 2, a, 0, 0, e + 2, a+ e+ 10]
261 [a, 1, 1, 1, 1, f ] [−52 , 1, 0, 2, 0,−52 ] [f + 2, a+ 2, 0, 0, 0, a − f ]
256 [a, 1, 1, 1, 1, f ] [−3, 0, 1, 2, 0,−52 ] [0, a+ 1, 0, 0, f + 2, a+ 2f + 21]
252 [a, 1, 1, 1, 1, f ] [−52 , 0, 0, 2, 1,−3] [f + 1, 0, 0, 0, a + 2,−2a − f − 21]
162 [1, b, c, 1, 1, 1] [1,−32 ,−2, 32 , 0, 32 , ] [0, c + 1, 0, b, c + 3,−c− 5]
166 [1, b, 1, d, 1, 1] [1, 0, 1,−2, 1, 1] [0, 0, d + 1, b− 1, d+ 3, 0], b ≥ 1
165 [1, b, 1, 1, e, 1] [32 ,−32 , 0, 32 ,−2, 1] [e+ 1, 0, 0, b, e + 3, e+ 5]
274 [1, b, 1, 1, 1, f ] [1,−3, 1, 1, 1,−2] [f + 1, 0, 0, b + 2, 0,−f − 5]
192 [1, b, 1, 1, 1, f ] [2,−2, 0, 0, 2,−2] [f, b+ 2, 0, 0, 0,−3b − f − 26], b+ f ≥ 1
191 [1, b, 1, 1, 1, f ] [2,−2, 0, 0, 2,−2] [b+ 1, 0, 0, 0, f, 3b + 2f + 31]
189 [1, b, 1, 1, 1, f ] [2,−2, 0, 0, 2,−2] [0, 0, 0, b + 1, f + 3, 2f + 10]
168 [1, 1, c, 1, 1, f ] [1, 32 ,−2, 0, 32 ,−32 ] [f, c+ 2, 0, 0, c + 2,−c − f − 10]
281 [1, 1, 1, 1, e, f ] [1, 1, 1, 1,−3, 0] [f − 1, 0, e + 2, 0, 0,−2e − f − 15], f ≥ 1
198 [1, 1, 1, 1, e, f ] [2, 2, 0, 0,−2, 0] [0, 0, 0, e + 1, f − 1, 4e + 2f + 30], f ≥ 1
194 [1, 1, 1, 1, e, f ] [2, 2, 0, 0,−2, 0] [e+ 1, 0, 0, 0, e + f + 3, e + 2f + 9], e+ f ≥ 1
193 [1, 1, 1, 1, e, f ] [2, 2, 0, 0,−2, 0] [e+ f + 2, 0, 0, 0, e + 2, e− f + 6], e+ f ≥ 1
(1+0s)*(KGB element #0,[ 2, 0, -7, 7, -6, 6 ]) 1050 113
One calculates that they are the following K(R)-types in terms of the basis {̟1, . . . ,̟5, 14ζ}:
η1 := [0, 0, 0, 0, 1,−18], η2 := [0, 1, 0, 0, 1,−21], [0, 0, 0, 0, 2,−24], η3 := [0, 2, 0, 0, 1,−24].
Their lambda norms and spin norms are
17, 27.5, 32, 41.5,
and √
42,
√
42, 5
√
2,
√
42,
respectively. Note that ‖Λ‖ = √42. Thus ηi, 1 ≤ i ≤ 3, are precisely all the spin-lowest
K(R)-types of L(µ). Then one computes that HD(L(µ)) consists of the following five K˜(R)-
types without multiplicities:
[0, 0, 0, 0, 0,−12], [0, 0, 0, 0, 1,±6], [1, 0, 0, 0, 0, 3], [0, 1, 0, 0, 0,−3].
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Table 14. The strings of Ê6(−14)
d
with |supp(x)| = 4: part three
#x λ/ν spin LKTs
204 λ = [a− 1, b − 2, 1, 3,−1, 2] [1, a+ 1, 0, b, 1, a − 2], b ≥ 1
ν = [−32 ,−2, 1, 1,−12 , 32 ] [0, a+ 1, 0, b + 1, 0, a + 1], a ≥ 1
202 λ = [a− 1, b − 1, 2,−1, 3, 1] [0, a, 0, b + 1, 0, a + 8], b ≥ 1
ν = [−32 ,−32 , 32 ,−12 , 1, 1] [0, a− 1, 1, b, 1, a + 11], a, b ≥ 1
171 λ = [a− 1, b− 1, 2, 1, 0, 2] [0, a, 0, b + 1, 1, a + 10], b ≥ 1
ν = [−32 ,−32 , 32 , 0, 0, 32 ] [0, a− 1, 1, b, 2, a + 13], a ≥ 1
170 λ = [a− 1, b− 1, 2, 0, 1, 2] [1, a+ 1, 0, b − 1, 2, a − 4], b ≥ 1
ν = [−32 ,−32 , 32 , 0, 0, 32 ] [0, a+ 1, 0, b, 1, a − 1], a, b ≥ 1
209 λ = [a, 1, c − 2, 3,−1, 2] [0, a − 1, c+ 1, 0, 0, a + 2c+ 17], a ≥ 1
ν = [0, 1,−2, 1,−12 , 32 ] [1, a− 1, c, 0, 1, a + 2c+ 20], a, c ≥ 1
175 λ = [a, 2, c − 1, 1, 0, 2] [2, a − 1, c, 1, 0, a + 2c+ 5], a ≥ 1
ν = [0, 32 ,−32 , 0, 0, 32 ] [1, a− 1, c + 1, 0, 0, a + 2c+ 8], a, c ≥ 1
214 λ = [a− 1, 3, 1, 0, 1, f − 1] [f + 1, a, 0, 1, 0, a − f + 3], f ≥ 1
ν = [−32 , 2, 1,−1, 1,−32 ] [f, a+ 1, 0, 1, 0, a − f − 3], a ≥ 1
213 λ = [a− 2, 1, 3, 0, 1, f − 1] [0, a− 1, 1, 0, f, a + 2f + 21], a ≥ 1
ν = [−2, 1, 2,−1, 1,−32 ] [0, a− 1, 1, 0, f + 1, a+ 2f + 15], a, f ≥ 1
212 λ = [a− 1, 1, 1, 0, 3, f − 2] [f − 1, 0, 1, 0, a,−2a − f − 21], f ≥ 1
ν = [−32 , 1, 1,−1, 2,−2] [f − 1, 0, 1, 0, a + 1,−2a− f − 15], a, f ≥ 1
186 λ = [a− 1, 2, 2,−1, 2, f − 1] [f, 0, 0, 0, a,−2a − f − 24], f ≥ 1
ν = [−32 , 32 , 32 ,−32 , 32 ,−32 ] [f − 1, 0, 1, 0, a − 1,−2a− f − 27], a, f ≥ 1
185 λ = [a− 1, 2, 2,−1, 2, f − 1] [0, a, 0, 0, f, a + 2f + 24], a ≥ 1
ν = [−32 , 32 , 32 ,−32 , 32 ,−32 ] [0, a− 1, 1, 0, f − 1, a+ 2f + 27], a, f ≥ 1
184 λ = [a− 1, 2, 2,−1, 2, f − 1] [f − 1, 0, 1, 0, a + 2,−2a− f − 9], f ≥ 1
ν = [−32 , 32 , 32 ,−32 , 32 ,−32 ] [f, 0, 0, 0, a + 2,−2a− f − 12], a, f ≥ 1
183 λ = [a− 1, 2, 2,−1, 2, f − 1] [0, a− 1, 1, 0, f + 2, a+ 2f + 9], a ≥ 1
ν = [−32 , 32 , 32 ,−32 , 32 ,−32 ] [0, a, 0, 0, f + 2, a+ 2f + 12], a, f ≥ 1
182 λ = [a− 1, 2, 2,−1, 2, f − 1] [f, a+ 2, 0, 0, 0, a − f − 6], a ≥ 1
ν = [−32 , 32 , 32 ,−32 , 32 ,−32 ] [f − 1, a+ 2, 0, 1, 0, a − f − 9], f ≥ 1
181 λ = [a− 1, 2, 2,−1, 2, f − 1] [f + 2, a− 1, 0, 1, 0, a − f + 9], a ≥ 1
ν = [−32 , 32 , 32 ,−32 , 32 ,−32 ] [f + 2, a, 0, 0, 0, a − f + 6], f ≥ 1
221 λ = [1, b− 1, 3,−1, 2, f − 1] [f, 0, 0, b + 1, 0,−f − 8], b ≥ 1
ν = [1,−32 , 1,−12 , 32 ,−32 ] [f − 1, 0, 1, b, 1,−f − 11], b, f ≥ 1
220 λ = [2, b− 2,−1, 3, 1, f − 1] [f + 1, 0, 0, b + 1, 0,−f − 1], f ≥ 1
ν = [32 ,−2,−12 , 1, 1,−32 ] [f + 1, 1, 0, b, 1,−f + 2], b ≥ 1
190 λ = [2, b − 1, 0, 1, 2, f − 1] [f − 1, 0, 1, b, 2,−f − 13], f ≥ 1
ν = [32 ,−32 , 0, 0, 32 ,−32 ] [f, 0, 0, b + 1, 1,−f − 10], b ≥ 1
187 λ = [2, b − 1, 1, 0, 2, f − 1] [f + 1, 1, 0, b − 1, 2,−f + 4], b ≥ 1
ν = [32 ,−32 , 0, 0, 32 ,−32 ] [f + 1, 0, 0, b, 1,−f + 1], b, f ≥ 1
225 λ = [2, 1,−1, 3, e − 2, f ] [f − 1, 0, e + 1, 0, 0,−2e − f − 17], f ≥ 1
ν = [32 , 1,−12 , 1,−2, 0] [f − 1, 1, e, 0, 1,−2e − f − 20], e, f ≥ 1
195 λ = [2, 2, 0, 1, e − 1, f ] [f − 1, 2, e, 1, 0,−2e − f − 5], f ≥ 1
ν = [32 ,
3
2 , 0, 0,−32 , 0] [f − 1, 1, e + 1, 0, 0,−2e − f − 8], e, f ≥ 1
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Table 15. The strings of Ê6(−14)
d
with supp(x) = [1, 2, 3, 4, 5]
#x λ ν spin LKTs
432 [a, 1, 1, 1, 1, 1], [−5, 32 , 32 , 0, 2, 0] [0, a+ 3, 0, 0, 0, a + 11]
361 [a− 2, 2, 2, 0, 1, 0], [−3, 32 , 32 , 0, 0, 0] [0, a− 1, 0, 2, 0, a + 15], a ≥ 1
[0, a − 1, 2, 0, 0, a + 3], a ≥ 1
359 [a− 2, 2,−1, 3,−1, 2], [−2, 1,−1, 2,−1, 1] [0, a− 1, 0, 2, 0, a + 11], a ≥ 1
[0, a − 1, 2, 0, 0, a − 1], a ≥ 1
357 [a− 1, 1, 1, 0, 2, 1], [−52 , 1, 0,−12 , 52 , 0] [0, a, 2, 0, 0, a − 4]
[0, a + 1, 1, 0, 0, a − 1], a ≥ 1
[0, a + 2, 0, 0, 0, a + 2], a ≥ 1
353 [a− 2,−1, 2, 2, 0, 1], [−3,−1, 1, 2,−1, 1] [0, a− 1, 0, 2, 0, a + 19], a ≥ 1
[0, a − 1, 2, 0, 0, a + 7], a ≥ 1
352 [a− 1, 1, 1, 0, 2, 1], [−3, 0, 1,−12 , 52 , 0] [0, a+ 1, 0, 0, 0, a + 17]
[0, a− 1, 0, 2, 0, a + 23], a ≥ 1
[0, a, 0, 1, 0, a + 20], a ≥ 1
348 [a, 1, 1, 1, 1, 1] [−72 , 0, 0, 0, 3, 1] [0, 0, 0, 0, a + 3,−2a− 22]
312 [a− 1, 3, 1,−1, 2, 1] [−2, 3, 1,−2, 1, 1] [0, a, 0, 2, 0, a + 8]
[0, a, 1, 1, 0, a + 2], a ≥ 1
[0, a + 1, 0, 1, 0, a + 5], a ≥ 1
311 [a− 2, 1, 3,−1, 2, 1] [−3, 1, 3,−2, 1, 1] [0, a, 1, 0, 0, a + 14]
[0, a− 1, 1, 1, 0, a + 17], a ≥ 1
[0, a− 1, 2, 0, 0, a + 11], a ≥ 1
309 [a− 1, 3, 1, 1,−1, 2] [−52 , 1, 0, 2,−52 , 52 ] [1, a+ 1, 1, 0, 0, a − 2]
[1, a + 2, 0, 0, 0, a + 1], a ≥ 1
305 [a− 2, 1, 3, 1,−1, 2] [−3, 0, 1, 2,−52 , 52 ] [0, a+ 1, 0, 0, 1, a + 19]
301 [a− 1, 1, 1, 1, 0, 3] [−52 , 0, 0, 2,−2, 3] [1, 0, 0, 0, a + 1,−2a− 23]
[1, 0, 0, 0, a + 2,−2a− 17], a ≥ 1
286 [a− 1, 1, 0, 2,−1, 2] [−2, 0, 0, 2,−2, 2] [0, a, 0, 0, 0, a + 20], a ≥ 1
283 [a− 1, 0, 1, 2,−1, 2] [−2, 0, 0, 2,−2, 2] [0, a + 2, 0, 0, 0, a − 2], a ≥ 1
262 [a− 1, 1, 1, 0, 1, 3] [−2, 1, 1,−1, 0, 3] [1, 0, 0, 0, a,−2a − 25]
[1, 0, 0, 0, a + 2,−2a− 13], a ≥ 1
238 [a− 1, 2, 2,−1, 1, 2] [−2, 2, 2,−2, 0, 2] [0, 0, 0, 0, a,−2a − 28]
[1, 0, 0, 0, a − 1,−2a− 31], a ≥ 1
237 [a− 1, 2, 2,−1, 1, 2] [−2, 2, 2,−2, 0, 2] [1, a, 0, 0, 0, a + 23], a ≥ 1
[1, a− 1, 0, 1, 0, a + 26], a ≥ 1
236 [a− 1, 2, 2,−1, 1, 2] [−2, 2, 2,−2, 0, 2] [1, 0, 0, 0, a + 3,−2a − 7]
[0, 0, 0, 0, a + 3,−2a− 10], a ≥ 1
234 [a− 1, 2, 2,−1, 1, 2] [−2, 2, 2,−2, 0, 2] [0, a+ 1, 1, 0, 1, a − 7]
[0, a + 2, 0, 0, 1, a − 4], a ≥ 1
211 [a− 1, 2, 2,−2, 3, 0] [−32 , 32 , 32 ,−2, 2,−1] [1, a− 1, 0, 1, 1, a + 12], a ≥ 1
[1, a − 1, 1, 0, 1, a + 6], a ≥ 1
199 [a− 1, 0, 0, 1, 1, 3] [−32 , 0, 0, 0, 0, 3] [1, 0, 0, 0, a − 1,−2a− 27], a ≥ 1
[1, 0, 0, 0, a + 2,−2a− 9], a ≥ 1
UNITARY REPRESENTATIONS WITH DIRAC FOR E6(−14) 29
Table 16. The strings of Ê6(−14)
d
with |supp(x)| = 5: part two
#x λ ν spin LKTs
370 [1, b, 1, 1, 1, 1] [1,−4, 32 , 0, 32 , 1] [0, 0, 0, b + 3, 0, 0]
320 [1, b− 2, 2, 2,−1, 2] [1,−3, 1, 1,−1, 2] [0, 0, 0, b + 2, 0,−4]
[1, 0, 0, b + 1, 1,−7], b ≥ 1
318 [2, b− 2,−1, 2, 2, 1] [2,−3,−1, 1, 1, 1] [0, 0, 0, b + 2, 0, 4]
[0, 1, 0, b + 1, 1, 7], b ≥ 1
273 [1, b− 1, 3,−1, 1, 2] [32 ,−2, 1,−12 , 0, 2] [0, 0, 0, b + 1, 1,−6], b ≥ 1
[1, 0, 0, b, 2,−9], b ≥ 1
272 [2, b− 1, 0, 1, 0, 2] [32 ,−2,−12 , 1,−12 , 32 ] [1, 1, 0, b − 1, 2, 0], b ≥ 1
270 [2, b− 1, 1,−1, 3, 1] [2,−2, 0,−12 , 1, 32 ] [0, 0, 0, b + 1, 1, 6], b ≥ 1
[0, 1, 0, b, 2, 9], b ≥ 1
244 [1, b, 1, 1, 1, 1] [52 ,−52 , 0, 0, 0, 52 ] [0, b+ 2, 0, 0, 0,−3b − 30]
243 [1, b, 1, 1, 1, 1] [52 ,−52 , 0, 0, 0, 52 ] [b+ 2, 0, 0, 0, 0, 3b + 30]
242 [2, b− 1, 0, 1, 1, 2] [2,−2, 0, 0, 0, 2] [1, 0, 0, b, 3,−11]
[0, 0, 0, b + 1, 2,−8], b ≥ 1
241 [2, b− 1, 1, 1, 0, 2] [2,−2, 0, 0, 0, 2] [0, 1, 0, b, 3, 11]
[0, 0, 0, b + 1, 2, 8], b ≥ 1
218 [2, b− 1, 1,−1, 3, 0] [32 ,−32 , 0,−12 , 2,−1] [1, 0, 0, b − 1, 3, 1], b ≥ 1
[0, 1, 0, b − 1, 3, 7], b ≥ 1
217 [2, b − 2,−1, 3,−1, 2] [1,−2,−1, 2,−1, 1] [1, 0, 0, b − 1, 3,−3], b ≥ 1
[0, 1, 0, b − 1, 3, 3], b ≥ 1
205 [0, b− 1, 3,−1, 1, 2] [−1,−32 , 2,−12 , 0, 32 ] [0, 1, 0, b − 1, 3,−1], b ≥ 1
[1, 0, 0, b − 1, 3,−7], b ≥ 1
222 [1, 1, c, 1, 1, 1] [1, 2,−52 , 0, 0, 2] [0, c + 2, 0, 0, c + 3,−c− 8]
224 [1, 1, 1, 1, e, 1] [2, 2, 0, 0,−52 , 1] [e+ 2, 0, 0, 0, e + 3, e+ 8]
Note that by Proposition 12.5 of [9], the K(R)-types occurring in L(µ) are exactly the
following ones without multiplicities:
[0, x− y, 0, 0, y + 1,−3(x+ y)− 18], with x ≥ y ≥ 0.
Since β = [1, 0, 0, 0, 0, 3], one sees that these K(R)-types are not a union of Vogan pencils.
Remark 6.2. We also obtain the atlas parameters of L(µ) for other values of z. The result
is summarized in the following table, where a ∈ Z≥0. Note that the first two representations
are entries of Table 2, while the last one is an entry of Table 15.
z (#x, λ, ν) Λ
1 (427, [1, 1, 2,−1, 2, 1], [0, 0, 72 ,−72 , 3, 1]) [1, 1, 1, 0, 1, 1]
2 (405, [2, 1,−1, 1, 1, 3], [72 , 0,−72 , 0, 3, 1]) [1, 1, 0, 1, 1, 1]
a+ 3 (348, [a, 1, 1, 1, 1, 1], [−72 , 0, 0, 0, 3, 1]) [a, 1, 1, 1, 1, 1]
Example 6.3. In the paper [14], the authors have studied Dirac cohomology of the Wallach
representations for classical Hermitian symmetric groups. Note that E6(−14) has a unique
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Table 17. The strings of Ê6(−14)
d
with supp(x) = [0, 1, 2, 3, 4]
#x λ ν spin LKTs
435 [1, 1, 1, 1, 1, f ] [0, 32 , 2, 0,
3
2 ,−5] [f + 3, 0, 0, 0, 0,−f − 11]
374 [1, 2, 0, 2,−1, f − 1] [1, 1,−1, 2,−1,−2] [f − 1, 0, 2, 0, 0,−f + 1], f ≥ 1
[f − 1, 0, 0, 2, 0,−f − 11], f ≥ 1
371 [1, 1, 1, 1, 1, f ] [1, 0, 3, 0, 0,−72 ] [0, 0, 0, 0, f + 3, 2f + 22]
364 [1,−1, 0, 2, 2, f − 2] [1,−1,−1, 2, 1,−3] [f − 1, 0, 2, 0, 0,−f − 7], f ≥ 1
[f − 1, 0, 0, 2, 0,−f − 19], f ≥ 1
363 [1, 1, 2, 0, 1, f − 1] [0, 1, 52 ,−12 , 0,−52 ] [f, 0, 2, 0, 0,−f + 4]
[f + 1, 0, 1, 0, 0,−f + 1], f ≥ 1
[f + 2, 0, 0, 0, 0,−f − 2], f ≥ 1
358 [0, 2, 1, 0, 2, f − 2] [0, 32 , 0, 0, 32 ,−3] [f − 1, 0, 0, 2, 0,−f − 15], f ≥ 1
[f − 1, 0, 2, 0, 0,−f − 3], f ≥ 1
355 [1, 1, 2, 0, 1, f − 1] [0, 0, 52 ,−12 , 1,−3] [f + 1, 0, 0, 0, 0,−f − 17]
[f, 0, 0, 1, 0,−f − 20], f ≥ 1
[f − 1, 0, 0, 2, 0,−f − 23], f ≥ 1
329 [1, 3, 2,−1, 1, f − 1] [1, 3, 1,−2, 1,−2] [f, 0, 0, 2, 0,−f − 8]
[f, 0, 1, 1, 0,−f − 2], f ≥ 1
[f + 1, 0, 0, 1, 0,−f − 5], f ≥ 1
327 [1, 1, 2,−1, 3, f − 2] [1, 1, 1,−2, 3,−3] [f, 0, 1, 0, 0,−f − 14]
[f − 1, 0, 2, 0, 0,−f − 11], f ≥ 1
[f − 1, 0, 1, 1, 0,−f − 17], f ≥ 1
322 [2, 3,−1, 1, 1, f − 1] [52 , 1,−52 , 2, 0,−52 ] [f + 1, 1, 1, 0, 0,−f + 2]
[f + 2, 1, 0, 0, 0,−f − 1], f ≥ 1
319 [3, 1, 0, 1, 1, f − 1] [3, 0,−2, 2, 0,−52 ] [0, 1, 0, 0, f + 1, 2f + 23]
[0, 1, 0, 0, f + 2, 2f + 17], f ≥ 1
315 [2, 1,−1, 1, 3, f − 2] [52 , 0,−52 , 2, 1,−3] [f + 1, 0, 0, 0, 1,−f − 19]
[f, 0, 0, 1, 1,−f − 22], f ≥ 1
293 [2, 1,−1, 2, 0, f − 1] [2, 0,−2, 2, 0,−2] [f, 0, 0, 0, 0,−f − 20], f ≥ 1
288 [2, 0,−1, 2, 1, f − 1] [2, 0,−2, 2, 0,−2] [f + 2, 0, 0, 0, 0,−f + 2], f ≥ 1
278 [3, 1, 1, 0, 1, f − 1] [3, 1, 0,−1, 1,−2] [0, 1, 0, 0, f, 2f + 25]
[0, 1, 0, 0, f + 2, 2f + 13], f ≥ 1
250 [2, 2, 1,−1, 2, f − 1] [2, 2, 0,−2, 2,−2] [f − 1, 1, 0, 1, 0,−f − 26], f ≥ 1
[f, 1, 0, 0, 0,−f − 23], f ≥ 1
249 [2, 2, 1,−1, 2, f − 1] [2, 2, 0,−2, 2,−2] [0, 0, 0, 0, f, 2f + 28]
[0, 1, 0, 0, f − 1, 2f + 31], f ≥ 1
247 [2, 2, 1,−1, 2, f − 1] [2, 2, 0,−2, 2,−2] [0, 1, 0, 0, f + 3, 2f + 7]
[0, 0, 0, 0, f + 3, 2f + 10], f ≥ 1
245 [2, 2, 1,−1, 2, f − 1] [2, 2, 0,−2, 2,−2] [f + 1, 0, 1, 0, 1,−f + 7]
[f + 2, 0, 0, 0, 1,−f + 4], f ≥ 1
219 [3, 0, 1, 1, 0, f − 1] [3, 0, 0, 0, 0,−32 ] [0, 1, 0, 0, f − 1, 2f + 27], f ≥ 1
[0, 1, 0, 0, f + 2, 2f + 9], f ≥ 1
215 [0, 2, 3,−2, 2, f − 1] [−1, 32 , 2,−2, 32 ,−32 ] [f − 1, 1, 0, 1, 1,−f − 12], f ≥ 1
[f − 1, 1, 1, 0, 1,−f − 6], f ≥ 1
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Wallach representation, namely L(−3ζ), see Theorem 5.2 of [9]. This module has infinitesi-
mal character Λ = [1, 1, 1, 0, 1, 1] as well. Using the setting of the previous example, it can
be located as follows:
all[2]
Value: final parameter(x=496,lambda=[1,3,1,0,1,1]/1,nu=[0,4,0,-1,1,1]/1)
It appears in Table 2.
To compute Dirac cohomology, again it suffices to look at its K(R)-types up to the atlas
height 114:
(1+0s)*(KGB element #0,[ 0, 0, -3, 3, -3, 3 ]) 1 46
(1+0s)*(KGB element #0,[ 1, 0, -4, 4, -4, 4 ]) 16 67
(1+0s)*(KGB element #0,[ 2, 0, -5, 5, -5, 5 ]) 126 88
(1+0s)*(KGB element #0,[ 3, 0, -6, 6, -6, 6 ]) 672 110
One calculates that they are the following K(R)-types in terms of the basis {̟1, . . . ,̟5, 14ζ}:
[0, 0, 0, 0, 0,−12], [0, 1, 0, 0, 0,−15], [0, 2, 0, 0, 0,−18], [0, 3, 0, 0, 0,−21].
Their lambda norms and spin norms are
8, 15.5, 26, 40,
and √
42,
√
42,
√
42,
√
42,
respectively. Recall that ‖Λ‖ = √42. Thus the above four K(R)-types are precisely all the
spin-lowest ones of L(−3ζ). Then we compute that HD(L(−3ζ)) consists of the following
six K˜(R)-types without multiplicities:
[0, 0, 0, 0, 0,±12], [0, 0, 0, 0, 1,±6], [1, 0, 0, 0, 0, 3], [0, 1, 0, 0, 0,−3].
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